DKOHOMeTpHnUecKnii JInKOe3: BpeMeHHbIe PsJIbl
BBenenne B mogesmpoBaHue B IIPOCTPAHCTBE COCTOAHMIT®
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Muorue Mofiesin BpeMEHHBIX PSIOB, U IIPEXK e BCErO 3TO OTHOCUTCS K PA3JIMIHBIM MO-
JIeJIIM C HEeHabJIIOMaeMBIMIA KOMIIOHEHTAMM, MOYKHO IPEJACTABUATH B TaK HA3LIBAEMOM
dopme mpocTpaHcTBa cocTogHuit. Mojeab TpOCTPaHCTBA COCTOSHUN — 3TO MOIITHBIHI
WHCTPYMEHT, KOTOPBIM TO3BOJIsIET MPUMEHUTH K WCXOJIHOU MOJIEIN MUPOKUN CITEKTP
CTaHJIAPTHBIX TPOIELYyDP, BKJIIOYas OIeHUBaHUe U NporHosupopanue. Crarhbst mpesia-
raeT 0030p TOr0 YHUBEPCAJBLHOTO KJIACCa MOJIEJIe U COOTBETCTBYIOIIUX MPOIEILYD.

1 Bseaenue

Mo/iesb IPOCTPAHCTBA COCTOSTHII 3a/1a€TCsI BYMsI YCIOBHBIME PACIIPEIe/IeHASIMMT:

Fytla<t, y<t) = F(yt|ar), (1)
Flag|lact,y<t) = Flai]ag—1). (2)

Yepes y; ob6o3HatdeHn BeKTOp k; X 1 HADJIOaeMbIX JAHHBIX B MOMEHT t. B ocHoBe HaAOJIIO/IeHMIT 1y
JICKUT JIMHAMUKA HEKOTOPOil «cucreMbl». Bekrop a; (my X 1) —»3T0 3HaYeHHME IEpPEMEHHOI Co-
CTOSIHUSI CHCTeMbI B MOMeHT t. llpesmoiaraercst, 9To COCTOsSTHIE He HAOJIIOJAEMO B SIBHOM BHJIE.
PacripenenieHne cocTosiHUSI CUCTEMBI B MOMEHT € OIPEIEISIETCS COCTOSTHIEM CHCTEMBI B IIPEIBIILY-
muit MoMeHT (a;—1), 4To 3amaercs Gopmysioil (2), T. e. IMHAMHUKA CHCTEMbl HOCUT MAPKOBCKUIA
xapakrep. Pacupejeinenue (1) onpejensier, Kak Hab/01aeMasi BeJIMUNHA ¥y 3aBUCUT OT HeHaBJIIO-
JIaeMOI'0 COCTOSIHUSA . Ecaum Momeb OTHOCUTCS K KOHEeYHOMY psay, Tot = 1,... T uupu t = 1
BMecTO (2) cieiyer 3ajaTh HadasibHoe pactpejenenue F(ap). Ha Puc. 1 takas momens nsobpa-
>KEHA B BUJIE YCJIOBHOM CXEMBI.

Muorue meTospl, oTHOCsAIIMECs K MojeasaM Bujaa (1)—(2), npuiokuMer u K 6oJstee o6ImM Mo/1e-
JISIM, B KOTOPBIX YCJIOBHBIE DACIIPE/IeIeHUs] Ay ¥ Y 3ABUCST OT JIATOB Yy, T. €. uMetoT Bu F (y|ar, y<¢)

u F(a|ai—1,y<t).
o

Puc. 1: Cxema Mojen MpoOCTPAHCTBA COCTOSTHUIT

*Iuruposars Kak: Lpmnakos, Asexcanap (2011) «Beenenne B MomenmpoBanue B IPOCTPAHCTBE COCTOSTHUIA»,
Ksantuminb, Ne9, crp. 1-24. Citation: Tsyplakov, Alexander (2011) “An introduction to state space modeling,” Quan-
tile, No.9, pp. 1-24.

f Azpec: 630090, r. HoBocuGupek, Becennnit poesn, 6-44. Duekrponnas noura: tsy@academ.org

'3necy mcrosb30BAHLI CleyIomEe 0603HAYEHHUsT Il OTPE3KOB paja {zi}: z<r = (21,...,2¢-1) U 2<y =
(#1,...,2t). Ecam psg GecKOHEUHBIH, TO z<i = (2¢,2¢—1,...) ¥ QHAJIOTUIHO JJIS Z<t.
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Hawubosiee gacro ucnosbayercs (6arogapsi IpocToTe BBIYUCICHWI) AUHETHAA MOJEAD NPOCTPAt-
cmea cocmoanud. OHa 3aMMCHLIBAETCS B BUIE BYX YDABHEHUI:

y = R} + R"a; + €/, (3)
4 = RY + R%%ay 1 + o, (@)

Baechk (4) HasbiBaercs ypasheruem nepexoda (transition equation), a (3) — ypasHeruem usmepenus
(measurement equation). Korma Mogens mpuMeHsieTcss K KOHEYHOMY BPEMEHHOMY DsiLy, ITPEJIIO-

JlaraeTcst, 4To uHJeKe ¢t mpoberaer or 1 10 T' u uro npu ¢t = 1 wien R{%a;—1 OTCyTCTBYET.

B 6a30B0il opMyIMpOBKE OIMMOKY €, €f HE3aBUCHMBI KaK MeXKIy co0Oil, TaK M [0 BPEMEHH.

Omubxu ef, €] IMEIOT HyJIeBble MaTeMaTHIeCKHIe O2KUJAHUS U KOBapUAIIHOHHBIE MATPUIIE Q?t’, Qf.
B rayccosckoit muneiinoit Moeun MIPOCTPAHCTBA, COCTOSTHUAN PACIIPEIE/ICHIST IEPEMEHHBIX SBJISIIOT-
Cel HOPMAaJIbHBIMU:

Yt |a§t7 Yt ~ N(th/ + th/aab Q%)v (5)
atlact, y<t ~ N(R{ + R{%ar—1,Q7). (6)

Yacro B imTepaType ypaBHEHNE ITEPEX0/Ia BCTPEIAETCs B CIBUHYTON BIIepeT 110 BpeMeHu popMe:
ai41 = R? + Rf“at + 6?.

Kaxas uz gpopm nmeer csou yJ1o06cTBa U HEJOCTATKU, HO IIPH HE3ABUCUMOCTH OIMUOOK €/, € OHMI
9KBUBAJIEHTHBI MEXK Iy c000i#t. O HAKO B BapHaHTE MOJE/IN ITPOCTPAHCTBA COCTOSTHUN C KOPPETH-
POBAHHBIMU ONIUOKAMU €f, €& TaKON CIBHUT yKe MPUHIUIHAILHO MEHSET MOJIEIb.

Brogmbie 00CyKIeHNST MOIEIUPOBAHNS B IIPOCTPAHCTBE COCTOSTHUN MOKHO HaiiTu B Comman-
deur & Koopman (2007), Durbin (2004), Harvey & De Rossi (2007), O’Konnesnn (1990). s
JIATBHERIIEro YTeHnst MOXKHO TIOpeKoMeH10BaTh MoHorpaduu Durbin & Koopman (2001), Kim &

Nelson (1999), Cappé, Moulines & Rydén (2007) u cbopuuk Harvey & Proietti (2005).

2 HekoTopble npuMepkbI

2.1 Perpeccus ¢ meHsomumMucs Ko3dduimeHTaMmu
B ob6bramoit Mmojenn nHEHHONW perpeccuu, MIPUMEHEHHOH K BPEMEHHBIM PAIAM ¥, Ty,
T
Y= 0+ &

[PEJIII0JIAraeTcst, 9T0 KO3hMUIMEHTHI He MEHSIOTCs 110 BpeMenn: (3, = 3 (m x 1). Moxkuo moaudu-
[IUPOBATH ITY MOJE/b, IPEAIOJI0KUB, 9TO KOIDDUIUEHTHI TOIINHEHBI HE3aBUCUMBIM IIPOIIECCAM
CYyIaiHOTO Oy KIAHMUST:

ﬁtjzﬁt—17j+ntjv jzlv"')mv
npupalieHnsd KOTOPBIX HE€3aBUCUMbI U HMEIOT JUCIEPCUN V(T}t]) = 0'?. TaKon MOJEJIb MOZKHO
IIPEJICTABUTH KaK MOJIE/Ib [IPOCTPAHCTBA COCTOSIHUIL, €CJIH IPEIIONIOKUTD, ITO at = [y, Rty =0,
RY" =y, Qf = 02, R} = 05, R{® = Iy, Qf = diag{o7}.
2.2 Mozagear ARMA
Mogens ARMA(p, q)

Y= 1ye—1+ -+ Qpup + e+ 161+ -+ geg,

MOXKHO 3amnucarb B ¢hopme npocrpancrsa cocrosiauii. Cuaganma ARMA (p, ¢) upeicrasisiercst Kak
ARMA(M, M — 1), tne M = max(p,q + 1). «Hemocraiomue» ko3bGUIIEHTH TPOCTO CINTAIOTCS
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PaBHBIM U HYJIIO: gbj =0mnpuj >pub; =0mupuj > q. Torna Moeap HEPEBOANTCH B IPOCTPAHCTBO
COCTOSTHM C ITOMOIIIBIO CJIEIYIOMNX epe0bO3HAICHMIA:

M
a = Yt aj = Z [0:Yt+j—i—1 + Oi-1€t45-i] ,

i=
Ry: ) R%a:(1707"'70)7 Qy: )

o
RC =0y, Re=| + v, @ = o255, s=(1,61,....001)"
Prr-1 ]
dv - Oprg

B wactrOoM ciryaae ARMA (2, 1) sT0T METOJI Ia€T CIIYIOILY 0 MOJIEJIb IIPOCTPAHCTBA COCTOSHUI
(2t = Poyi—1 + O161):

v = (1,0) (yt) +0,
<t
()= o) () + (o)
2t ®o 0) \zt-1 Ore:)
2.3 CrTpyKTypHBIE MOeJ/I1 BPEMEHHBIX PsIiI0B

B Tak HasbiBaeMBIX CTPYKTYPHBIX MOJIETISAX BPEMEHHBIX PsIZIOB HAOIIOIAEMBIH BPEMEHHOM s
[IPEJICTABJISIETCS KAK CYMMa OT/IEJbHBIX HEeHADJIFOIaeMbIX KOMIIOHEHT, KarXKasi U3 KOTOPBIX NUMeeT
HEKOTOPYIO COJIEPKATEJIbHYI0 MHTEPIIPETAINO: TPEH I, Ce30HHOCTh, myM u T. 1. CMm. Hamp. Har-
vey (1989) u Harvey & Shephard (1993). Ciiejryer orMeTuTh, 9T0 HA3BaHUE «CTPYKTYPHBIE MOJIE-
JI» UBJIAIIHE HAarpy»KeHo. He mpenosiaraercst, 9To MOJIE/Ib OTPayKaeT CTPYKTYPHBIE B3aNMOCBSI3H
MEXK/Iy SKOHOMUYIECKUMU TTOKA3ATE/ISIME, & JEKOMITO3UIINS Psijla OCHOBAHA HA YUCTO TEXHUUIECKUX
XapaKTEePUCTUKAX KOMIIOHEHT, TAKMX KaK IPeICTABJIEHWE B BUJE CJIyJaifiHOrO OJIyKIAHUS] WJIH
6esIoro myma, u T.II.

[Ipocreiimast MogO0OHOIO pPoga MOIETh — MOJEAL A0KAALHO20 YposHsa. OHA CIIYKUT 0000IIEHTEM
MOJICJIA Yy = [L + €, TJe [ — KOHCTaHTa, € — OeJiblil mym. Vest cocTouT B TOM, 9TO L MOXKET CO
BpPeMeHeM ITOCTEIIeHHO MEHSITbCs. MoJIeib JIOKAJIbHOIO YPOBHSI UMEeT CJIeIYIOIIN BUIL:

Yt = Yy + €,

8
By = fy—1 T & ®)

3nech € U &, — JBa HE3ABUCHUMBIX DsJIa MAyCCOBCKUX CJIYYANHBIX BO3MYINEHU, MMEIONIUX JUC-
nepcun 0’? u Ug COOTBETCTBEHHO, a [i; — MEHSIONINIICS BO BpEMEHN HeHaOJII0aeMblil JIOKAIbHBIN
YPOBEHb. 3JIeCh [i; IPeJICTABIIsIET cOOO cirydaiiHoe OJIyKIaHue, II03TOMY HOJIOOHBIN IIPOIIECC TaK-
K€ Ha3bIBAIOT CJIydailHbIM OryzKiaHueM ¢ myMoM. B obosnauenusix mojenn (3)—(4) umeem a; = puy,
R/ =0, R/*=1,0/ =02, Rf =0, R}* =1, O} = o7.

Ty 2ke MOmeIb MOXKHO OBLIO OBI IPEJACTABUTEL B BUIE
Ay = e — €1+ &4,

qro MoKHO cBectu K Mogesn ARIMA(0,1,1). Ho B TakoMm Bujie B Mojiesin yke He Oy/JIeT SBHBIM
06pa3oM PUrypupoBaTh MEHAIOIINANCSA YPOBEHD, IIOSTOMY OHA MOTEPSIET CBOIO «CTPYKTYPHOCTbY 1
CTaHET MOJIEJIBIO B IIPUBEIEHHOI dopMme.
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Modeas a0kasbHO020 AUHETHO20 MPerda CIIYKUT TAKUM Ke 0000IIeHneM JIHHEHOrO TPeH 1A, Kak
MOJIEJTb JIOKAJIBHOTO yPOBHsI (8) 0006IIeHneM KOHCTAHTHI:

Yt = Py T €,
P = Hy—q T vie1 + &, (9)
vi=vi 1+ G
Ilepemennast (1, OTBEYAET 3a TPEHII, & Iy — 34 HAKJIOH 3TOr0 TPEHa. 31eCh Ay = v) , RV =0
p Mt p ) P Ht? ) ¢ 9
ya __ y _ 2 a _ (0 aa __ (11 a _ 3 2 2
RV = (1,0), Q¥ = 0%, R = (8), Ry = (3 1), Q¢ = diag(02, 02).
KOMHOHGHT& ’yt, HpeﬂCTaBJIHIOHIaH CE3OHHOCTMD® HA OCHOBE (ﬁunmusm)m nepemMeHHdvlT, 3aJaeTcA
CJIEJIYIONINM YPABHECHUEM:

Ve = "Vi—1 — - T Vi—st1 T Wiy (1())

rJle s — KOJIMECTBO Ce30HOB. Brea nepementbe 6yj = 7,4, nporecc (10) MoxkHO nepenucarh
B cJIeIyIoleM BHJe:

0p1 = —0p—11 — ... — Op—1,5—1 + Wi,
5tj:5t—1,j—17 j:27"‘787

YTO II03BOJISIET €0 BKJ/IIOUUTH KAK KOMIIOHEHTY B JIMHEHHYIO MOJEJ/b IPOCTPAHCTBA COCTOSTHUN.
Bamerum, aro (10) — 310 06061IEeHNe OOBITHON JIETEPMUHUPOBAHHON CE30HHON KOMIOHEHTI

Y = 01Dg1 + ...+ 05 Dys,

rae D;; — duxTuBHasg nepeMeHHad JJIS J-TO CE30HA, C OIPAHUYEHHEM, UTO Ce30HHBIC 3(PdEeKTH B
cyMMe paBHBI HYJIO: 01 + ...+ 05 = 0. JlerepMuHUDPOBAHHBIH CIydail TOJIYIAETCsT TTPU JZ, =0.

Tpuzoromempuveckan ce30HHaAA KOMNOHEHMA TIPEJICTABIISAET COOOI CYMMY 3JIEMEHTaPHBIX KOM-
IIOHEHT

15/2]
Y= D Vg (11)
)

rie

V5 = €o8(Nj) Y1 +sin(Aj)viigj twi, J=1,...,[5/2],

| o (12)
Vi = = sin(A)veo1 +eos(h)vioy twr, J=1e (s —1)/2],

COOTBETCTBYIOT j-ii Ce30HHOI dacToTe \; = 27j/s. ducnepcust onmbKu 0OBIYHO IIPEIIOIAraeTCst
OJIUHAKOBOM /151 Kazk/10ft mojikomuonentsl: V(w;) = V(wy;) = o2,

Cmozacmuseckud yukA — 9TO KOMIOHEHTA 1), KOTOPasi BMECTE C TIAPHON BCIIOMOTaTeTLHON KOM-
HOHEHTOIH 1] 3ajaercs dbopMyTamu

Yy = peos(Ae) Py + psin(Ae)hy_y + Ky,
@Dr = —p Sin()‘c)'(ﬁtfl + pcos()‘cﬁbit—l + K’;Sk'

Baecy p € (0;1] —s10 KOabDUIMEHT 3aTyXaHUs, A, — YacToTa IUKJa B pajuaHax. Ky U Kj —
cTyJaiiiHble OMmMOKY ¢ OJMHaKoBOil mucrepcueit o2. Ilpn p = 1 w 02 = 0 mosy9aeM OOBIMHBIIH
JIETEPMUHUPOBAHHBIN TTHKJT:

Yy = g cos(Act) + g sin(Act).

Pazyinanble KOMIOHEHTBI, KOTOPBIE 3/€Ch OIMCAHBI, MIPEJCTABISIOT COO0l KaK Obl «KOHCTPYK-
TOP», U3 KOTOPOTO MOYXKHO coOpaTh ODIIyI0 MOJIe/Ib BpeMeHHOr0 psifa. [IpocToit mpumep mpuBenen
HI2Ke B IIyHKTe 3.3.3.
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2.4 BpblgesieHne o0IIEro CTOXacTU4IeCKOro TpeH/ia

Tak HasBIBaeMBbIe AMHAMUUECKNE (DAKTOPHBIE MOJIENH, ABJIAIONINECsT 0000IIeHneM OOBITHOIO CTa-
THYIECKOr0 (paKTOPHOI'O aHAJIN3a, TECHO CBSI3aHBI C MOJIEJIAMHU B IpocTpaHcTBe cocrosauit. C mo-
MOIIBI0 (baKTOPHBIX MOIE/Iel MOYKHO BBIIEIATH HeHAOI01aeMble (PaKTOPHI, SIBIISTFOIIAECST OOIITITMI
JIJIsI TIeJIOr0 PsAjia HabJIIoMaeMbIX PsIIOB, CTPOUTE pasiandnble nHaekcol. Hanpumep, B Chang, Miller
& Park (2009) paccmarpuBaeTcst BblIeJIEHIE U3 HECKOJIBKHUX PsIJIOB OOIIEro CTOXaCTUIeCKOrO TPEeH-
na. CroxacTUYecKuil TPeH/| MOJIEIMPYeTCsl KaK ciydaiiHoe OJIyKIaHue [y = ;1 + &;, @ BEKTOD
HaOJTIOIAEMBIX PSITOB 3aaeTCsT KaK

ys = By + €,

rie 5 — BeKTOp (PpaKTOPHBLIX HAIPY30K. UT0ObI MoJIe/Ib ObLIa MACHTH(DUIMPOBaHA, CJIEILYET 3a1aTh
KaKyIo-1ub0 HOPMUPOBKY IapaMETPOB, HALIPUMED, ITOJIOKUTH 02 = 1. B kauecrBe ogHOrO U3 1pU-
mepos Chang, Miller & Park (2009) B3styin nmocrpoenue unjekca hboHI0BOr0 phiHka 1o 30 psijam,
cocrapisiomum uageke DJTA.

2.5 MogenupoBanue BpeMeHHOI CTPYKTYPbI HPOIEHTHBIX CTAaBOK

B wussecrnoii mozmenn Hesbcona—Curenst (Nelson & Siegel (1987)) kpusast moxomnocru (yield
curve), KOTopasi OINMCBHIBAET 3aBHCHMOCTDb JOXOJHOCTH IO IEHHBIM OymaraM ¢ (hUKCHPOBAHHOI
HPOIEHTHOUW CTaBKOW OT CPOKa JIO HOTrallleHus 1M, UMeeT CJIEJIYIOIINi BUJI;

R(m) = By + By (1 = exp(=m/7)) = + 8 ((1 = exp(—m/7)) = — exp(=m/7))

ITpu dpukcnpoBanHOM 3HaYEeHNN T 9Ta DYHKIMA JIUHEHHA 110 napaMerpaM [, 31, By. Momeas MoxK-
HO PaCCMaTPUBATEL KaK PErpeccHio M MOoJydaTh COOTBETCTBYIONINE OIEHKH, UMesT JIAHHBIE O JOXOI-
HOCTSIX DECKYIIOHHBIX ODJIUTaIUil ¢ pa3HbIMU CpoKaMu rorarienns. O THAKO JJIsT €€ UCIIOJIb30BAHUS
TpedyeTcsi, YTOOBI IMapaMeTPhl HE MEHSIJIUCH. DTO MOXKHO CIUTATH OOOCHOBAHHBIM ITPEIIIOIOKEHH-
€M, TOJIbKO €CJI OIeHWBAHWE KPUBOW KJET MO JAHHBIM M3 JOCTATOYHO KOPOTKOI'O BPEMEHHOIO
MPOMEKYTKA, TaK UTO MapaMeTPhl OCTAIOTCS MPAKTHIECKN HEM3MEHHBIMI.

B munamnueckux Bapuantax mozenn Henbcona—Curens kosdbdunuentsr [y, 31, $y MeHSIOTCS
BO BPEMEHM B COOTBETCTBUHU C BEKTOPHOM aBTOperpeccueil mepBoro mopsijika, a Ko uImenT 7 He
mensiercst (Diebold & Li (2006), Diebold, Rudebusch & Aruoba (2006)). IToxyuaercs snneiinast
MOJIeJTb MPOCTPAHCTBA COCTOSHMI, B KOTOPOil BEKTOP COCTOAHUS UMeeT BUI a; = (B0, Byt Biz) -
JList MOJIe/ Tl HECJIOXKHO MTOJIY YU Th OIEHKN MaKCAMAaJIbHOT'O TIPABI0I0100usT (DUKCUPOBAHHBIX ITapa-
METPOB, CIJIaYKEHHBIE OIEHKYN MEHSIONIXC KOIDMUITMEHTOB U MPOTHO3BI. YI00HO TakKe, ITO He
TpebyeTcs JIONOJTHUTETHHBIX MOIUMUKAIMI JIJI JAHHBIX ¢ MEHSIIONIENHCsI BO BpeMeHU (HAIlpUMeD,
U3-3a IIPOILYCKa Ha6mogeHI/H‘/’1) pa3MepHOCTHI0. Banskast Moesb, TakKyKe NMEOIas BUI JUHEHHON
MOJIEJTH TIPOCTPAHCTBa cocTostHuil, obcyxkuaercs B Christensen, Diebold & Rudebusch (2011).

3 I/IH(l)epeHI_[I/ISI OTHOCHUTEJIBHO COCTOsAHUNA CUCTEMDBI

Hac moxer mHTEpecOBAaTH COCTOsIHME CHUCTEMBI B MOMEHT ¢ IIPU TOM, UTO HCTOPHUs HADJIIOIEHUI
JI0O MOMEHTA S, T.€. Y1, .. .,Ys, u3BecTHa. VHDEpeHInsi OTHOCUTENBHO a; HA OCHOBE Y1, . . .,Ys IIPH
t > s Ha3bIBaeTCsd IpejcKazanueM, npu t = s— buiabrparueii, a npu t < §— CrJIa)KUBAHUEM.
Paccmorpum criazkuBanue ¢ GUKCHPOBAHHBIM HWHTEPBAJIOM (CM. OIpejiesieHIe HIKe) 1 (hbUabTpa-
nuto. Ho npexkse obcyauM apyroit BaxKHBIN BOIIPOC — KaKUM 00pa30M MOXKHO 33/1aTh ITapaMeTpPhI
pacupesiesleHnsT BEKTOPa COCTOSTHUSI B MOMeHT ¢ = 1.
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3.1 NMuaunnmasm3anmsa MOAeJ ITPOCTPAHCTBA COCTOSAHUMI

Eciin dopmyiiupoBka Mojiesin IpocTpaHCTBa, COCTOSTHUN pu ¢ > 1 0OBITHO HEITOCPEICTBEHHO CJie-
ayer 3 (GOPMyJIMPOBKU UCXOTHON IKOHOMETPHIECKON Mojesu, To t = 1 ciemyer paccMaTpuBaTh
Kak 0coObIit ciaydail. CyIecTByeT HeCKOJbKO PA3IUYHBIX MTOJIX0/I0B, KOTOPBIE IMO3BOJIAIOT 33/IaTh
HavasIbHBIE ycjioBus, T.e. marpuipl R u f. Koneuno, eciu 3HaueHue I1€peMeHHOIl COCTOSHUSI
B MOMEHT ¢ = 1 TOYHO M3BECTHO, TO CJlejlyeT IpocTo HookuTh R = a1 n 2 = 0. Ho Takoe
ObIBaECT PEIIKO.

Bo3MoKHO, 9TO HAYAIBHOE COCTOSTHIE TOYHO HE U3BECTHO, HO M3BECTHO (HAIIPUMED, I3 KAKOTO-TO
IPEJIBIYIIErO OIBITA), YTO OHO PACIPEIEIEHO HOPMAJIBLHO ¢ HEKOTOPBIMU CPEJHUM U KOBAPHUAIIU-
onnoit marpurieit. Torma M1 HHATTATH3AIIT MOJIEIN TTPOCTO UCTOTB3YIOTCS TU 3HATEHUA. DTO
yke akTuaecku 0aiteCOBCKUI B3IJIsL] Ha MOJEJH IIPOCTPAHCTBa cocTosinuit. [Ipu TakoM mojxome
3aj1aBaeMoe paclipe/iesieHne OyIeT allpUOPHBIM PaCIIPe/ie/IeHnEM, a KaJIMaHOBCKYIO (pUiIbTpaliuio,
00Cy2KTaeMyI0 HI2KE, MOYKHO PacCMaTpUBATh Kak 0aitecOBCKoe O0ydeHue.

YacrubIil ciiydail —39T0 TaK HA3BIBAEMOE PACILILIBUATOE AIIPUOPHOE PACIpeecHne: B Ka1eCTBe
(2} Gepercsa «o4eHb OOJBIIAS» MATPHIA, YTO OTPaykaeT OOJIBIIYIO CTEIeHb HEOIPEeeJIEHHOCTH
OTHOCUTEJIBHO HCXOJHOro cocrosinusi. Jacro Gepyr 2f = cI nupm Gosbimx 3nadenusx c. Ilpu
¢ — 00 TIOJIyYaeM TOJTHOCTBIO PACILIBIBUATOE PACIIpeiesieHre («IIPO HAYaJIbHOE COCTOSTHIE HET HU-
kakoit nadopmanum» ). Koneano, cranapTHble aJrOpUTMbl HEJIb3s1 HCIIOJIb30BATH HEIIOCPEICTBEH-
HO B IIPEJIEJIBHOM CJIydae ¢ — 00 U TpebyeTcs ncKaThb UM 3aMeHy. /larke MpoCTO MCIOIb30BaHME
CJIMIIIKOM OOJIBITTUX 3HAYEHUIN ¢ MOYKET IIPUBECTHU K IEPEIOJHEHUIO PEFUCTPOB IIPU KOMITBIOTEPHBIX
pacuerax.? Cperee R{ nns pacnapBIaTOro allpuopHOTo paclpeiesieHus BBIONpaeTcs Oosee nin
MeHee IIPOU3BOJIBHBIM 00PA30M, TTOCKOJIBKY €ro BJIUsHAE OYIeT HEeCYIIEeCTBEHHBIM IIPU JIOCTATOYHO
CUJIbHOI «PaCIJIBIBYaTOCTUY.

Bauskwuit moixo cocTouT B TOM, 9TOOBI BKJIIOYUTH HAYAJIBHOE COCTOSIHUE (] B YHCJIO HEU3BECT-
HBIX IIapaMeTpoB U oneHuBaThb ero. Ilpm srom R = a; u Qf = 0. Taxoil nmojaxox nmeer TOT
OYEBU/HBII HEJIOCTATOK, YTO TPEOyeTCss OIEHUBATH OOJIBIIIEE YUCIO IAPAMETPOB, UTO 3aME]IJISAET
OIICHUBaHUE.

Emte ojiun mosixo/1 roiuTest Jis CayaifiHbIX ITPOIECCOB, 3a/[aBaeMbIX HHBADUAHTHOMN 110 BpEMEHU
MOJIEJIBIO ITPOCTPAHCTBA COCTOSIHUIA:

Yt = RY + RY%a; + 6ty, (13)
4 = R+ R%, 1 + ¢, (14)

IJle MHJIeKC ¢ IPUHEMAET 3HAUeHnsl OT MHUHYC JI0 ioc 6eckoneunocrn, V(el) = QV, V(ef) = Q7.
B 1pe/osiosKeHnn CTaImoHAPHOCTH® POTIECCa @y MMeeM

E(a;) = R* + R™E(ay),
V(a¢) = RV (a;)(R*)" + Q°,

OTKY/Ia

R¢ =E(a;) = (I — R*)~'R®

vec(Q)) = vec(V(ay)) = (I — R*™ @ R*) ™ vec(Q%).

2 AJITOPUTMBI, TPU3BAHHEIE PEIITUTE STH BBEIYUCIATETbHbIE TTPOGIIEMEI, OIICAHBI, HapuMep, B Durbin & Koopman
(2001).

3Vci0Bre CTamOHEAPHOCTH MIPOIECCa, 4t COCTOUT B TOM, UTO BCEe KOPHH XapaKTEPHCTHIECKOTO YPABHEHHSI det (I —
zR%*) = 0 jiexkaT 3a UpeJeaMyu eIUHUIHON OKPY’KHOCTH HA KOMILIEKCHOW TIJIOCKOCTH, WJIM, 9TO IKBUBAJEHTHO,
cobCTBeHHBIE 3HAYEeHUsI MAaTpuIlbl R*? jiexkar B mpejiesiax eMHUIHON OKPYKHOCTH.

43 1ech vec(A) — BEKTOp U3 CTOSALMX APYT MO APYTOM CTOJIOIOB MaTPHIBl A, a ® — npoussezenne Kponekepa.
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B caygae mmaromambubix marpuii R m 2% MOXKHO KaXKIyl0 KOMIIOHEHTY BEKTOPA COCTOSHUMN
a; PacCcMaTpUBATL OTJEJBHO, KaK He3aBUCHMBIH crarmuonapubii mporece AR(1), u cocraBisTh
marpunsl R{ n 1 u3 coorBercrByIOMUX CPEIHUX U JUCIEPCHIl.

3.2 Puabrtp Kanmmana

st Mosiesi BpEMEHHOT'O Psijia, MPEJICTABICHHON B (hOpMe IPOCTPAHCTBA COCTOSIHUIA, CYIIECTBYET
IEeJIBIA Psij CTaHAAPTHBIX ajroputMoB. CaMblil u3BecTHBIN W3 HUX — QuiabTp Kammana. Ouiabrp
Ha3BaH 10 MMEHU BEHTepPCKO-aMepPUKAHCKOro WH2KeHepa-3jiekTpuka P. Kammana. Kamvanosckas
dunbTpaIus MuUpPoKO UCIIOJIb3YeTCs JJIsi PA3IMIHBIX TEXHUIECKUX 33189, HAIPUMED, IJIs PaJIio-
JIOKAITMOHHOT'O OOHAPYKEHUs, YIIPABJIEHNST KOCMUYECKUMU AIlIapaTaMU | T. II.

QuipTp KanMmana HACTOJNBKO TECHO CBS3aH C MOJEISIMHU B MPOCTPAHCTBE COCTOSHUM, UTO €ro
JIOCTATOYHO YACTO MPUHUMAIOT 38 CTATHCTHYECKYIO MOJIE/Ib JaHHbIX. Clieyer MOHUMAaTh, 9TO MO-
JIeJIb — 3TO MOJIEJIb TPOCTPAHCTBA cOCTosiHUil, a buabTp Kajimana —3To BCEro JIMINb OJIUH U3
BBIUUC/IUTE/IbHBIX AJITOPUTMOB, CBSI3aHHBIX C JAHHON MOJIEIBIO (XOTsI U OUEHb BAYKHBIIA).

Hermnocpencreennast 3a1a1a KaJIMaHOBCKOM (PUIBTPAIIMH COCTOUT B TOM, YTOOBI ITOJIY YU Th OIEHKN
HEHAOJTIOAEMOTO COCTOSIHUSI CUCTEMBI M COITYTCTBYIOIIUX BEJIMYNH, UCIIOJIB3Ys TOJBKO nHMOpMa-
A0, COJEPXKAIILYIOCS B HAOJIIOIEHUSIX, TOJIYIEHHBIX O MOMEHTA { BKJIIOUUTEIBHO, T. €. Y1, . . . , Yt.
Takum obpaszom, i MOJyUYeHHUS OINEHOK (¢ He WCIOJb3yeTcsd nHdopMarus u3 Oyrymnero. DTo
PEKYPPEHTHBII aJrOPUTM, OCIEI0BATEBHO BBIUUCISIIONIII TO00HBIE OIeHKN HaduHast oT t = 1
n 3akanduBasi ¢ = T'. IIpu sTom mnpejmnosaraercs, 9ro Bce KOIMD@UIMEHTH U KOBAPUAIIMOHHBIE
MaTPUIBI JTMHEHHON MO IPOCTPAHCTBa COCTOsIHUI (3)—(4) M3BECTHBIL.

IIpumenenne dunprpa Kammana 1j1st OlleHUBaHUS HEHAOJIOMAEMOTO COCTOSTHUSI CUCTEMBI B pe-
AJIbHOM BPEMEHU OCODEHHO BarKHO B TEXHUYECKUX IPUJIOXKeHHsAX. Harpumep, cucrema BUIEOHA-
OJII0/IeHNsT 38 HEKOTOPBIM OOBEKTOM MOXKET UCIIOJIb30BATh KAJIMAHOBCKYIO (DUJILTPAIUIO, UTOOBI
[IPEJICKA3BIBATD IMOJIOYKEHNE OOBLEKTa B CJIEJYIONIUNA MOMEHT BPDEMEHH M COXPAaHSATb HAIPABJICH-
HOCTBb BHJIEOKAMEPHI Ha O0BEKT. B 9KOHOMUYECKMX MPUJIOKEHUSIX TaKOe HEeIOCPEeICTBEHHOE I10-
IITaroBoe MCIIOb30BaHne GuiIbTpa KaaMana moBoabHO peako. B ocaoBHOM duabTp Kamamama mc-
[IOJTB3YETCsl KaK MPOMEYKYTOUHBIN AJITOPUTM, CJIYXKAIIUA YaCThIO JPYTIUX AJITOPUTMOB.

O6o3naunMm yepes E; onepaTrop MareMaTHYeCKOro OXKHUIAHMSI, YCJIOBHOIO OTHOCUTEILHO UHMOP-
MalluH, JTOCTYIHOHM B MOMEHT t. 9TO Y<; — HaOIOJEHNs 0 MOMeHTa ¢ BKitounTenabHo. CooTBer-
CTBYIOIILYIO YCJIOBHYIO KOBAPUAIMOHHYIO MATPHILy (B OJJHOMEPHOM CJIydae — JUCIIEPCUI0) 0003HA~
auM gepe3 Vi, a YCIOBHYIO KPOCC-KOBAPHUAIMOHHYIO MaTPHILy IBYyX BeKTOopoB — depe3 C;. Beemem
Tak>Ke CJIeLyIoIe 0003HaAICHMS:

ag|r = Er(a), Pt\T =V, (at), Yt =Er(y1)-

Yro0b! BRIBECTH PEKYyppEHTHBIE (hopMyJibl puiibTpa Kanmana, Mbl pacCMOTPUM COBMECTHOE Pac-
IpeieJieHue Yy U ¢, YCJAOBHOE OTHOCUTEIbHO WH(OPMAINN, JOCTYIIHON 10 MOMEHTa t — 1 BKJIIO-
YUTETBHO (Y<¢). DTO HEKOTOPOE MHOIOMEPHOE HOPMAJIBLHOE PaCIpe/Ie/IeHue:

Yt o N[ (Ve F Gy ))
(o) ey (Gn) (6 mi):

rae

Fr=Vi1(y), Gt = Ci_1(yt, ar).
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Tabmuma 1: AropuT™M KaaMaHOBCKON (PHILTPALH

Nunmuamazanus:  aq9 = Ry, Py = Q.

a1 = R + R%ar 1)1, (15)
Pyi1= R?apt—l\t—l(R?a)T + 0, (16)
Yeji—1 = RY + R a1, (17)
Gy = R{"Py_1, (18)
Fy =GR + 9, (19)
V=Yt — Ygle—1, (20)
Ky =G F !, (21)
atje = agjt—1 + Kpvy, (22)
By = Pyp1 — KiGr. (23)
I[TapaMeTphl 3TOr0 PaCHpeIe/IeHHs MOYKHO BBIPA3UTH CJICAYIOMIIM 06Pa3OM:
agp—1 = By1(ar) = B (R + Ri%ar1 + €f) = R + R{%ay_1)4-1,
Py = Vimi(ar) = Vier (Rf%ap1) + Viei (6f) = R{* Py 1 (R + QF,
yt|t 1= ]Et 1(ye) = Er1(RY 4+ R{"a; + ¢]) = R} + R/*ay4_1,
Vic1(y) = Vi1 (R ar) + Vi_q(e]) = R;le/apﬂtfl(Rtya)T + QF,
= Ci1(yt, ar) = Co1 (R} ar, az) + Cro1(ef,ar) = Ry Pyy_1.
Jlasee paccMOTpUM pacipejie/ieHne a, YCIOBHOE OTHOCUTEHHO KAaK Yt, TAK U Y1, - . ., Yt—1. ITO

TO2KE€ HEKOTOPOE€ MHOT'OMEPHOE€ HOPpMaJIbHOE pacClpeje/ieHue:

atlyi, .- Y NN(at\taPﬂt) .

YTob6b! paccauTaTh €ro mapaMerphbl, CJIe/IyeT IPUMEHUTD IPABUIIO JJIs YCJAOBHOTO PACIIPE/I€JICHIST
13 MHOTOMEPHOT'O HOPMAJbHOTO PacIpeJleIeHusI:

Ag|p = Qgjp—1 + GiF (v — Yejt—1)

— T -1
Pt|t = Pt|t—1 -G Fy Gy
Jlamable ypaBHEHHUS MOXKHO 3alicaTh 00jiee KOMIIAKTHO, BBeIst 00OO3HAUEHUE
— -1
= Gl

Dra MaTpuIa HA3BIBAETCS KAAMAHOSCKUM Koapdunyuernmom ycurenusn ( Kalman gain).

Teneps mpuIiio BpeMst cobpaThb BCe pEKypPPEHTHBIE COOTHOIIEHUs GpuyibTpa KajiMaHa B OgHOM
Mecte; cMm. Tabauiy 1.

Janum wHTEpHpeTannio 3tux ypapHeHuit. [Ipexe Bcero ormeTnm, 9TO €C/iM BEKTOPBL P U ¢
AMEIOT COBMECTHO MHOTOMEPHOE HOPMAJIBLHOE PACIpeIeeHne, TO

V(plq) = Vp — E(p|q)].
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YesioBHOE MaTemMaTHueckoe oxuganue E(p|q) — 910 Hansydnmii B CpeiHEKBaIPATUIECKOM CMBICTIE
[POIHO3 BEJINUUHBI P CPEJIU IPOIHO30B, UCHOJIB3YIONIHUX TOJIbKO nHpopMaimio o ¢, a V[p—E(p|q)] —
9TO KOBapUAIMOHHASI MATPUIA OMIMOKK TaKOro IPOrHO3a, WJIHM, YTO TO ¥Ke camoe, (MaTpUIHBI)
CpeHuit KBaJpaT OIMNOKU IIPOrHO3a.

B moment t — 1 umeercss undopManus o yi,...,Y;—1. Vcxogs u3 31oit nHGOpMalun MOKHO
HOJIyYUTh ¢ TMOMOIbI0 (huabrpa Kaamama HamIydIylo OHEHKY TEKYIIero COCTOSIHUS CUCTEMBI,
T. €. Gy_1|¢—1- KoBapuarmonnas MaTpuia ommbKy, CBA3AHHOI ¢ JAHHOM OTEeHKOM, pasHa P_j|;_1.
ITo (15) u (16) MOXKHO TIOJIyIMTH TIPOTHO3 COCTOSHMST CUCTEMBI Ha OJIUH IIAr BIEPeJ, T. €. dyj¢_1,
U KOBapUAIMOHHYIO MATPHUILy OMHOKH Takoro mpornosa Py ,_;. [anee, na ocrose ay;—y u Py
1o (17) m (19) MOXKHO IOy IUTH TPOTHO3 U3yYaeMoii ePeMeHHO  Ha OJIMH IITar BIepes, T. €. Yy|¢_1,
U KOBaPUAIMOHHYIO MATPHILy ONUOKHK TAKOro mporuosa Fj.

Kora nacrymaer MOMEHT BpeMeHH t, TOsABJISieTCsl IOOJHUTEeIbHOE Habmonenne ;. Cranosurcst
U3BECTHOM OMMOKa OTHOIIATOBOTO TPOTHO3A Ut = Yt — Yy|¢—1. DTY ONMOKY HASBIBAIOT UNMMOGAUU-
etl, MOCKOJIbKY OHa HeceT B cebe HOBYIO MH(OPMAIUIO O poliecce Yy Ilojydennas nugopMaIms
nozBosIAeT 1o (22) m (23) CKOPPEeKTHPOBATL TMPOTHO3 Gyy—] W PACCIUTATH YTOTHEHHYIO OTEHKY
TeKYIIEro COCTOsHNUs cUCTeMbl (ay|;). Kopapmarmonnast MaTpuia ONmOKY, CBA3aHHON C TaHHOI
oneHkoit papra F;.

Besmuuna koppektupoBku Kpv; B ypaBHenun (22) 3aBUCHT OT OIMIMOKHU IPOrHO3a U KO3 DU-
[MEeHTa yCUJIeHUsl. 3HaUYeHHe MaTpullbl Ky ompejessieT, B KaKoi cTeleHu oImunbKa IMPOTHO3a Uy
BJIMSIET Ha KOPPEKIMIO ONEHKU COCTOSIHUSI CHCTeMbl. B 4gactnoctu, ecim Ky O6JU3Ka K HYJIO, TO
OIIEHKA COCTOSIHUSI MPAKTUIECKU HE MEHsIeTCsl. DTO ObIBAET, KOTJa IIyM B TEKYIIeM HaOJIOJeHUN
BeuK (UTO M3MepsieTcss KOBapHAIMOHHON Mmatpureit Y) 1Mo cpaBHEHUIO ¢ TOYHOCTBLIO TeKyleit
OneHKu cocrosuust Py _q.

VkarkeMm TakzKe JiBa BaXKHbBIX CBOfCTBa:

o KoBapuarmonubie MaTpUIbl U KAJIMAHOBCKHE KOY(DDUIMEHTH! yCUIEHNsT He 3aBUCIAT OT Ha-
Omoziennii 3a y. Boobmie roBopsi, MX MOXKHO PaccUUTaTh OTAEIBHO, /IO BBIYUCJICHUS Qy|;_1,

Ytjt—1 U Qg|¢-

[ ] AJIFOpI/ITM NHBapUaHTEH K YMHOXKEHHUIO BCEX KOBapPHWAIIMOHHLIX MaTPHI[ HAa OJHO U TO KeE
IIOJIOXKUTEJILHOE YHUCTI0. Tak €CJiid, HaIllpuMep, B MOJIeJIN JIOKaJIbHOI'O YPOBHSA Pa3de/IUNTh JUC-

nepcuu o2 u og Ha 02, TO BHIYHCIICHHBIC Q¢|¢—1, Y¢|t—1 U Qy|¢ HE TOMEHSIIOTCSL.

3.3 CrinakuBaHue
3.3.1 Cranaxkusparoinasi cxema Kaimana

Kak y»ke roBopusioch, camo 1o cebe nomarosoe (OHJIANHOBOE) OlleHUBaHKE HEHABJII0AeMOr0 CO-
CTOSTHUSI PEIKO OBIBACT TOJE3HBIM I SKOHOMECTA. ECam mHTEpec MpeCTaBIseT OleHKa HeHa-
0JII0/TA€MOr0 COCTOSIHUSI B KOHKDPETHBIII MOMEHT BPEMEHH ¢, TO IPEJIIOYTUTENbHEE UCIOIb30BATh
JIJIsI TIOJTy I€HUsT TAKON OIEHKM BCIO MMEIOITYIOCS UHMOPMAIHUIO Y1, . . . , YT, & HE TOJHKO HHPOPMAa-
IIUIO, IOCTYIHYIO B MOMeHT ¢t — 1 min ¢, KaK IpHu KaJIMaHOBCKON (bHIbTPAIUN. 3aady IOy deHUsI
I10JIOOHBIX OIIEHOK HA3BIBAIOT C2A0HCUSAHUEM.

3ameTuM, YTO BOOOIE I'OBOPS PA3JIMYAIOT TPU PA3HOBUIHOCTH CIVIA2KMBAHUSL: CIVIA’KUBAHHE
B (DUKCHPOBAHHON TOUKE Qr|¢, CIVIA2KMBaHUE C (UKCUPOBAHHBIM JIATOM L|t ¥ CIJIaXKuBaHUe
na ukcnposannoM nirepsase ay p. (IIpexnonaraercs, aro 7, L u T’ dukenposamsl, a t Mensercs. )
3/1ech pevb HUIEeT O CIVIaKUBaHUU Ha (DUKCUPOBAHHOM HMHTEPBAJIE.

HawnboJsiee n3BeCTHBII MHCTPYMEHT IS CIVIAYKUBAHUS — 3TO C2AANHCUSMOUGA crema Kaamara
(kaamaroscrkuli ceaasrcusamens, Kalman smoother). KaimaHOBCKOe CriiayKuBaHue OCYIIECTBJIsI-
eTcsl B J1Ba IPOoXo/a 110 HabmogeHnsaM. IlepBrIil IPOX0o/] OCYIIECTBIISETCS B IIPSIMOM HAIIDABJIECHIH
no Bpemenu (¢t = 1,...,T) u coBnagaer ¢ dunbrpom Kammana. Bropoit npoxos ocyecTBiisiercst
TaK»Ke PEeKyPPEHTHO, HO yzKe B 00paTHOM Hampasiexnn no spemenn (t =T, ..., 1) u pe3ynbrarom
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Tabauna 2: AJIropuT™M KaJaMaHOBCKOIO CLVIAsKHABAHUS

[Tpoxox B npsiMoM Hatpas/ienuu: npumensiercst buabrp Kanmvana (Tabauna 1).
[Tpoxon B obparnom nanpasiernn (t =T,...,1):

_ aa \T p—1
Jt_Pt|t( t+1) t+1t

ayr = g + Je(@n T — arpape),
Pyt = Py + Je(Peprjr — Prvape) Jy -

€ro SBJISIOTCS CIVIa?KEHHbBIE OIEHKN BEKTOPa COCTOAHUS ay|7. KoBapnanmonnble MaTpuIpl ommdok
TAKUX ONEHOK |7 MOXKHO HOJIyINThb TaKKe PEKYPPEHTHO BO BpeMs BTOPOrO POX0Ja. AJIropuT™
mokasaH B Tabsurie 2, BoiBoJ, TpuBesieH B [lpuioykernu A. 3aMeTuM, 4TO MHUITHATABAIMS JTAHHOTO
PEKYPPEHTHOTO aJIrOpUTMa He IIPEJICTABIISIET CIOXKHOCTH, MOCKOJIBbKY BEJUIUHbL a4 U Py 1is
t = T nosy4darorcs Ha dTare (pUILTPAIIIH.

3.3.2 Ilpumep ucnosb30BaHUS CIJIA>KUBAHUMA: y/IajIeHE TPEHJA C MOMOIILIO
duisbTpa Xoapuka—IIpeckorTa

OsHUM U3 caMbIX MIHPOKO HMCIIOJIB3YEMbIX METOJOB BBIJIEJIEHUS TPEHJIa U CIVIAXKUBAHUS JJI Ma-
KPOSKOHOMHUYECKMX BPEMEHHBIX PSI0B fABJISIETCs TaK Ha3biBaeMblil uavmp Xodpuka—IIpeckomma
(Hodrick & Prescott (1997)).

Ornenka TpeHIa fi; JJIS PAA Yy MOIYUIAETCS B PE3YJIbTATE PENIeHUs CJIeYIoNneil ONTUMU3AIII-
OHHOW 3a1a4n:

T T—1
Z(yt - Nt)Z +A Z[(Mtﬂ — ) = (i — :utfl)]2 — min (24)
=1 =2 {ms}

IIepBoe citaraemoe oTBedaeT 3a TOYHOCTH IIOJTOHKHU, & BTOPOE — 3a CTEINEeHb TJIAJKOCTH TPEHJIA.
JList 0OBIYHOTO JIeTePMUHUPOBAHHOTO JIMHEHHOT'O TPEH 18 BTOpOoe cjaraemoe Oyier HyJeBbiM. [la-
panmerp A > 0 peryampyeT IJIajKocTh OleHKH Tpensa.” IIpn MaIbix 3HAUeHIsAX A OlEeHKa fi, MpaK-
THUYECKU COBIJIET C HADJIIOMAEMBIM PSIIOM ¥y, & IIPU OUYEHBb OOJBIINX TPUOIUKACTCA K OOBITHOMY
JIMHETHOMY TpPEHJLy, HOJ00PAHHOMY METO/IOM HAMMEHBIINX KBAJIPATOB MO TouKaMm (t,y;). Boran-
Tasg U3 (PaKTUIEeCKOro psijia Yy OLEHKY TPEHJA [I; IOJyYHM TaK Ha3blBaeMblil output gap, dacro
HCITOJIb3YEMBIH B MPUKJIATHOM MAKPOIKOHOMUIECKOM MOJIETNPOBAHNN.

Useectro (cm. vanp. Harvey & Jaeger (1993)), uro duabrp Xogpuka—IIpeckorTa MOXKHO BbI-
BECTH M3 MOJIEJIN JIOKAJIBHOIO JIMHEeHHOro Tpera (9), ecu npuHATH ag 3a HOJIb:

Yt = ,ut + €ty
fty = fty_q + v +0, (25)

Vi = Vi1 + Gy

ITapamerp A puiabrpa Xoapuka—IIpeckoTTa COOTBETCTBYET OTHOIIEHHUIO JIUCIIEPCHI az / ag. Mox-
HO YBUJIETH AHAJOTHIO IEJIeBON (PYHKITUU 331891 (24) CO B3BEIICHHOI CyMMO# KBa/IpaTOB

T T
2 2 2 2
E €/0c + E G /o¢
t=1 t=3
SBaaromaps mcxommoii crarbe Hodrick & Prescott (1997) mmas ciayuas KBapTaabHBIX JAHHBIX (HE3IOPOBYIO)
MOIYISPHOCTL B MPUKJIAIHBIX UCCIeAOBaHUSX Tpuobpeso 3uadenue A = 1600.
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OreHKa TPEH A [i; TTOJTyIaeTCsI KAK PE3YJIBTAT IPUMEHEHHsT KAJIMAHOBCKOTO CIIAYKUBATEIST K MOJIEe-
s (25). BaxKHO TOJIBKO OTHOINIEHUE JINCIIEPCHii, TOITOMY DU PacdeTax MOXKHO HPOCTO MOJIOXKUTH
o2=\mu O'g =19

Bimskuit o0 ¢MBICTY MOXOJ] UCIONb3YETCsl I BBIBOJA (DOPMYJI CIJIA’KUBAHUS C ITOMOIILIO
KyOHYeCKHUX CIUIAHOB, TOJIBKO MO/IE/Ib MCXOJIHO (DOPMYJIUPYETCsl B HEIPEPBIBHOM BPEMEHH (CM.
Wecker & Ansley (1983)). Ilpu arom He 06si3aTeibHO, 9TOOBI JaHHBIE HAOIOAAINCH Y€pe3 PABHbIE
WHTEPBAJIbl BPEMEHU.

3.3.3 HpI/IMep HWCIIOJIb30BAaHMA CIVIA2KMBAHUNA: KOPPEKTHUPOBKA HA C€30HHOCTb

OmHO U3 BO3MOXKHBIX IPUMEHEHHUI CIUIayKeHHBIX OIEHOK — 9TO KOPPEKTHPOBKA Ha, CE30HHOCTD.
Jltst mpoBeieHnsT TaKoi KOPPEKTUPOBKH HAJIO MIPEICTABUTH BPEMEHHOMN Psi/i B BUJIE «CTPYKTYPHOI
MOJIe I, BKJIIOYAIOIIEel aJITUTUBHYIO CE30HHYIO KOMIIOHEHTY, MOJYYUTh OIIEHKY 3TOI KOMIIOHEHTHI
IIPU IIOMOIIY CIVIaXKUBAHUA, & 3aTEM BbIYECTD OIICHKY CE30HHON KOMIIOHEHTBI U3 KOPPEKTUPYEMOTI'O

paa.
PaccmoTrpum monobmHy 0 KOPPEKTUPOBKY Ha IIPUMEPE TIOMECSIIHBIX JAHHBIX O IIPOU3BOJICTBE JJICK-
Tposneprun B Poccun 3a mepuos 1991:01—2011:017 (Puc. 2).

110
100
90
so | -1 H -

50
1992 1994 1996 1998 2000 2002 2004 2006 2008 2010

Puc. 2: Ilorpebiienne snexkrposneprun B Poccun, mapa KBr-4.

I[TpemomnozkuM, 9T0 IOTPebIICHNE STIEKTPOIHEPIHI MOXKHO OIINCATH CTPYKTYPHON MOJIEJIBIO, BKJIIO-
Jaloleil JIOKAJIbHBI ypoBeHb (i, = fiy_1 + &) ¥ TPUIOHOMETPHYECKYIO Ce30HHOCTH (12) mpm
s =12:

6
Yt = py + Z’Ytj + €.
j=1
CHauaJta UIsT 3TOM MOJIEN CJIEJIyeT MOy IUTh OIEHKN MaKCUMaJIbHOTO MPaBIOIOI00HST TapaMer-
pos (06 3TOM CM. HHZKe). 3aTeM B Pe3ylIbTaTe CIVIaXKUBaHUg HAJI0 BHIYUCIUTH SHAYEHHS Yij|7-
CKOpPPEeKTHPOBAHHOE Ha, CE30HHOCTDL MOTPEOJICHNE 3JICKTPOIHEPrun OyIeT paBHO

6
Yyt — Z Vtj|T-
j=1

Orenka na Puc. 3 6b11a BoIMIcIeHAS IPH CIIeIYIOMIX 3HAYEHNAX TapAaMeTPOB: o¢ = 1, o¢=0,5,
0, = 0,05. JIjis1 HAYAIBHOTO COCTOSHUS KCIIOJIb30BAJIOCh PACILIBIBUATOE PACIPeeseHne ¢ HyJle-

53anmerHM 10Ty THO, YTO MOYKHO HOJIYyYHTh OJHOCTOPOHHHI aHajor (Guiabrpa Xoapuka—IIpecKoTTa, ecim HpH-
MEHUTh K yKa3aHHOW MOJIEIN KaJIMAHOBCKYIO (PUJILTPAIMIO BMECTO KAJIMAHOBCKOIO CIVIAXKMBAHUS. DTO IO3BOJIAET
HCIIOJIb30BATH COOTBETCTBYIOIIUI MMOKA3aTe b output gap Jjisi MpOrHO3WPOBAHUS, IOCKOJIBKY HE TPEOyeTCs «ITOJI-
CMaTpUBaTh B Oy/IyIIees.

" Manubie ¢ http://e3.prime-tass.ru/macro/index.aspx.

8Borancirenns mponsBoamich Ha s3bike Ox (em. Doornik (2009)). Becruratmyio sepcmio Ox Console Moo
3arpy3uTh CO CTPAHUIBI http://www.doornik.com/download.html. [IporpaMMbl JOCTYIHBI 11O 3aIIPOCY Y aBTOPA.
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BBIM CpPEJHUM W JIUcIiepcueit 1010 s srokasbHOrO TpeH/ia u 10% It MOAKOMIIOHEHT Ce30HHOi

KOMIIOHEHTHI.
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Puc. 3: Tlorpebaenue ssiekrposueprun B Poccun, cCKOppeKTHPOBaHHOE HA CE30HHOCTD, U COOTBET-
CTBYIOINAsl CryIayKeHHAas CE30HHAsI COCTABJIAIONIA.

4 IIporHo3mpoBaHUe U NPOITYyII€eHHbIE HAOIIOJEHUS

4.1 IIponyrieHHble HAOJIIOAEHUS

UcnonwzoBanne dpunprpa Kasimana mosposisier 6e3 0coObIX IIPOOJIEM YUUTBIBATH IIPOIIYIIEHHBIE
HAOJIIOJIEHNSI. DTO CBSI3aHO C TEM, 9TO B (DOPMYINPOBKE MOJIENH IPOCTPAHCTBA COCTOSTHUI, & TaKKe
B bopMynax juisg GUIBTPAINN U CTVIAXKUBAHUS MATPHUIIBI MOT'YT UMETH IEPEMEHHYIO PA3MEPHOCTbD.
Ecnu nannble 1y MOMeHTa ¢ OTCYTCTBYIOT, TO MOXKHO JIeHCTBOBaTb, KaK eCau Obl Pa3MEPHOCTH
HabJr0/1aeMoil TiepeMenHoit y; Obuia pasHoit Hymo (ky = 0). Ilpu srom mosryunm Qelt = Qgj¢—1
u Pt\t = Pt|t71~

OrneHKy JyIst TPOIYIIEHHOTI'O 3HAYUEHHsT MOYKHO ITOJIYIUTb HA OCHOBE CIVIAXKEHHOMN OIEHKU COCTO-
AHUA:

yyr = Er(RY + R{"as + €/) = R} + R{"ay 7.

I(OBapHaHHOHHaﬂ ManHHa(HHH6KH TaKOu OII€HKM paBHa9

V(y: — yt|T) = V[Ri/a(at - at|T) + 5?] = RijaPt\T(Rtya)T + Q%

B ucnonbzoBannoM Bbiiie psay noTpedsienus: daekTposueprun Hosopio 2008 r. cooTBeTCTBYET
HelpaBoo00Hoe 3Hadenue 8.1. B npeaprayux pacderax oHO ObLI0 3aMeneno Ha 98.1. Toueu-
Hasl OIlEHKa JIsl 9TOro Habuioenus: pasHa 92.509, a narepBasbHas — [85.927; 99.090] (roueunas
IUTIOC/ MUHYC JIBE CTaHJapTHbIE OMMOKN). JlJIst oIy deHmst 9TOii ONEHKHU apaMeTpbl MOJIe N ObLIH
OIIEHEHBI METOIOM MAKCHMAJILHOTO IPABIOIOI00MS C yYETOM IIPOIYCKa.

9Komeuno, B 31ux (HopMysax yxe He Ipeuosgaraercs, 9ro ki = 0. B To e Bpemsi Y<T HEe BKJIOYAeT ¥y, TaK
9TO €] He KOPPEIUPYET C y|7-
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4.2 IIporno3mpoBaHue

QakTUIECKN IPOTHO3UPOBAHUE IIPEJICTABIIET cO00# nctosb3oBanue dpuabrpa Kanivana st «mpo-
IIyIIEHHBIX» 3HAaYeHUl Y741, Y742 U T. 7. HoBas undopmalusa npu 3TOM He UCIOJIB3YETCS (at|t =
aye—1 1 Py = Py mpu t > T), a onenxn Oyaymmx 3Hadenuil HabIogaeMoll mepeMeHHol
Yy TIOJIy9IAIOTCS KaK OJHOIIArOBbIE IPOTHO3bI 0 OOBIYHBIM hopmysiam buiabrpa Kaamana, T.e.
Yo7 = Ytjt—1 1mpu ¢t > T. Kosapnanmonuele MaTpuIbl OMmMMOOK MPOrHO3a —3TO Marpuipl Fy n3
dunbrpa KaaMana; oHr MOTYT UCHOIB30BATLCS, B YaCTHOCTH, JJIsl PacyeTa MHTEPBAJILHBIX IIPO-
THO30B.

Ha Puc. 4 npusenen nporuos norpedienus yiekrpodueprun ua nepuosm 2010:01—2011:01. 1306-
paskeH TOYEUHDIl IPOrHO3, HHTEPBAIBHBIH (TOYETHBI UIIOC/MUHYC /IBe CTaHIAPTHBIE OIIMHOKN)
u dpakTuIecKne 3HaUeHust psifa. [ moJyueHnst TPOrHO30B MapaMeTphl MOJIEIN ObLIN OIECHEHBI
METOJ/IOM MaKCHUMaJILHOTO IIPAaBIONoA00ust 10 yKopoueHnnoit Beroopke 1991:01—2010:01.
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Puc. 4: IIporunos norpebsienus sekTposneprun B Poccun.

5 O1eHKN MapaMeTpoB U AUArHOCTUKA

5.1 OmneHku mapaMeTpoB

B upe/iecTByomneM paccMOTPEHUE MbI UCXOJUIN U3 TOTO, YTO MAaTPUILI KO3MMUIUEHTOB MOJIEH
[IPOCTPAHCTBA COCTOSTHUH HaM M3BecTHBI. HO Ha MpakTHKe OHU HEM3BECTHBLI U TpebyeTcs Mpekie
[OJIyYUTh HEKOTOPbIE UX OleHKu. [Ipesnonaraercst, 970 Bce MATPUILI KOIMMUIIMEHTOB 1 KOBaPHU-
alMoOHHbIe MaTpuUIlbl B Mozesu (3)—(4) MOryT 3aBuCeTh OT BEKTOPA HEM3BECTHBIX MapameTpos 0:
RY = RY(0), RY" = R}“(9), Q = QJ(0), R = R}(0), R{* = R*(0), Q¢ = Q¢(0). Takum obpa-
30M, 3aJ[a4a COCTOUT B TOM, 4TOOBI 10706paTh BekTop #. Hampumep, B mogesn ARMA(2,1) (7)
Tpebyercs HailTH ONEeHKY BeKTopa 0 = (¢, ¢, 01,02).

CaMpblii pacipoCTpaHEeHHbBINH METOJI OIIEHUBAHUS TIAPAMETPOB I'ayCCOBCKOM JTMHEHHOM MOJIE/IN TIPO-
CTPAHCTBA COCTOSIHUI — 9TO METOJ[ MaKCHUMAaJIbHOTO TPaBiononoous. OYHKIWs MpPaBIono10oust
MOKET OBbITh BBIYUCJIEHA HA OCHOBE WHHOBAIMIT ¥y W UX KOBAPUAIMOHHBIX MaTpull F}, KOTOpbIE
SIBJISIIOTCsI <IIpOjlyKTamMu paborsl» (uibrpa Kanmvana. @yukiumo npapnononobus (Koropasi 1o
OIIPEJICJICHUIO SIBJISIETCSI [IJIOTHOCTBIO pacupejiesienus BeKropa y = (y1,...,Yyr)) MOXKHO Pas3jio-
JKUTH Ha TPOU3BEICHNE BKJIAI0B OTIEIbHBIX HAOJIIOACHUI

T
fly) = H f(yely<e).
t=1

B ciiyuae rayccoBckoit IMHEHHOM MO/IE/IH IPOCTPAHCTBA, COCTOSTHUI MTPEIIIO/IaraeTcsl, YTO OMIMOKN
MMEIOT COBMECTHOE HOPMAJIbHOE pacIpejiesieHre, TaK YTO BKJIAJbI B (PYHKIIUIO [TPABJIONOI00MS
IIPEJICTABIIAIOT COOOi YCIIOBHbIE HOPMAJIbHBIE PACIIPE/IEJIEHUS:

yely<t ~ N (yej-1, Fr) -
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Otciona o dhopMmysie MIOTHOCTH MHOTOMEPHOTO HOPMAJIBLHOTO PACIPEIEICHIS

k 1 1 B
In f(ye|y<r) = =5 (2m) — S W|F] = o (0 = yoe-1) F (0 = veje-1)-

MozxHO 3aMeTHTB, UTO Yt — Y¢|¢—1 — ITO MHHOBAIUH (oMOKM OJIHOIMIAINOBBIX TIPOIHO30B vy ). Takum
00pa30oM, BKJIJ] OT/IeIbHOIO HAOJIIOMEHUS B JJOTAPUPMUIECKYIO (PYHKIUIO IIPABIOIOI00MS €CTh
ket 1 1 Tl
0(0) = ) In(27) — 3 In|F(0)] — 5%(0) F7(0)ve(0), (26)
r7e B SIBHOM BH/I€ OTPAXKEHa 3aBUCHUMOCTD OT apaMeTpoB. B 1emom jorapudmvudeckast pyHKITwsT
[IPaBIOIIOA00MS — 9TO CyMMa, TaKMX BKJIAJ0B:

Torna
0 € arg max 0(0)

SIBJISIETCST OIEHKON MAKCUMAaJIbHOTO IIPAaBIIOIOI00UST [IJTsT TayCCOBCKOM JIMHEHHOM MOJIE/IA TTPOCTPaH-
CTBa COCTOAHUIA.

B obmem ciyuae st Makcumusanyu £(0) uciosb3yor ducjieHHbie MeTojbl. st rpajment-
HBIX METOJIOB ONTUMU3AINN TPEOYIOTCS MPOM3BOIHBIE TEJIEBOH (DYHKIINN MO mapaMeTpaM. 371eCh
MOKHO MCITOJIb30BAThH YUCJIEHHBIE TTPOU3BOJHBIE MIN Ke Tpebytornme 6ojee CI0KHBIX BBIKIAIOK
aHAJIUTUIECKUE TTPOU3BOJIHBIE.

Ommrem u/€I0 HOJIYy YeHUs aHATNTUIECKUX IIPON3BOAHBIX. dT00bI BhruncuTs 04 (6)/00;, rie 0 —
j-it 3J7IeMeHT BeKTOpa IMapaMeTpoB, CJeAyeT IPUMEHUTh CTaHIapTHBIE IPABUIA MATPHIHOIO TUd-
dbepentmposanus k (26). Kpome toro, tpebyercst suarn 0F;(0)/00; u 0v(0)/00;. Dt npoussos-
HBbIE MOXKHO BBIUHCJINTH PEKYPPEHTHO, IIPUMEHsIsI IPaBUJIa, MaTPUIHOTO JudhepeHImpoBanHust K
ypasrenuaM bunbrpa Kamvana (Tabmuna 1) — nuddepennupyst kaxioe ypasaenue 1o 0. Ana-
JIOTHIHO MOYKHO ITOJIyYUTh ¥ BTOPbIE TPOU3BOIHBIE, TOJIBKO BBIKJIAIKU OYIyT ere 6oJjiee rpoOMO3/I-
KUMT.

HeckoJibKO yIIpoCTUTD BBIUUCIEHUE AHAJTUTHIECKUAX TPOU3BOIHBIX [TO3BOJISIET CJIEIYONINN TTPU-
em. Ilycrs f(y, a|0) —mmorHOCTD pacipeiesieHus MOMHBIX JAHHBIX, TJI¢ TOJIHBIE TAHHBIC BKIIIOYa-
I0T HE TOJIbKO HabJIojiaeMble Janubie y = (yi,...,Yyr), HO 3HAUYEHHEe cOCTosiHuA a = (aq,...,ar).
Bsenem dymukmo

Q(6:0') = Elln £y, al0) |y, 0').
Okuanue 371ech 6epercs 1Mo pacipe/ie/ieHnio a|y, ', cooTBeTCTBYONEeMY CIyIaXkKUBAHUIO C Hapa-
Mmerpamu 0. MOKHO IOKa3aTh, ITO
oLH) _ 9Q(8;0)
00 00 vy

Iudbdepenmuposars Q(6;6’) obbrano npormie, yem byHKIuo mpasionoaoous £(6), BhpaxKeHHyo
gepe3 vy(0) u F(0). s MHOrMX KiaccoB MOJeJIell MOYKHO B sIBHOM BHJIE DEIINTh yDaBHEHUE
9Q(0;0") /06 = 0 ornocuTeBLHO 6, UTO JAaeT PEKYPPEHTHBIII aJITOPUTM TIO/TyYeHHsl ONEHOK MAaKCH-
MaJILHOTO IIpaBononobus. Ilpu TexymeM npubmmkennn 6 Mpous3BOANTCS CrUIayKUBaHUe. 3aTeM
10 HafiJIeHHBIM CIJIaYKEeHHBIM BeJIMYMHAM HAXOIUTCH cilejyromee npubmzkenue §” kax pemenne
ypasuenuit 0Q(0;60')/00 = 0. Ilporecc noBTOpsieTcss 10 CXOkKAeHUA. TaKoit ajropuT™M U3BECTEH
kak EM (cm. Shumway & Stoffer (1982), Watson & Engle (1983)).
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Cy1iecTByIOT peKyppeHTHBIe (POPMYJIBL JIJIsT paciera He TOJbKO IMPOU3BOJIHBIX, HO U HHPOPMAa-
rronHoit Marpuiel (cM. Hanp. Cavanaugh & Shumway (1996)). OHE O3BOJISIIOT HCIIOTIB30BATH
JJId MaKCUMU3allu1 (byHKLLHI/I HpaB,ﬂOHO,ZLO6I/Iﬂ MeTO/ CKOpUHI'aA.

ITpoBepka rumores B MOJIEJIN IPOCTPAHCTBA COCTOSHUI MOXKET OBITH OCHOBAHA Ha ACHMIITOTH-
JecKoit HOPMaJIBHOCTH U CTaHAAPTHOM ITPUHIIHIIE Baﬂbrﬂa. ACI/IMHTOTI/I‘{GCKHQ OIIEHKU KOBapHualu-
OHHON MAaTPHUIIBI HAXOJATCS TAKXKe CTAHIAPTHBIME sl METO/Ia MAKCHMAJILHOIO [IPABJIONOI00MS
criocobamu. Hanpumep, oHE MOIyT OBITH OCHOBAHBI Ha MATPUIIE BTOPBIX IPOU3BOJHBIX JIOrapud-
MHUYECKON (PYHKIUN ITPABIONOI00MS MM Ha HH(MOPMAIMOHHON MaTPUIIE.

Hy»xHo yuurbiBaTh, uTo npuHImn Bajbia «He paboraers Ha KpasiX HPOCTPAHCTBA JIOIYCTUMbIX
mapaMerpoB. B wacTHOCTH, Takoe HPUO/INIKEHNe HeJIb3sl UCIOIb30BATh I IIPOBEPKH I'HIIOTE3BI
O PABEHCTBE JIUCIEPCHH OMMOKKM Hyso. Takke B HEKOTODBIX CJIydasix OJIHA HJIM HECKOJIbKO Iie-
PEMEHHBIX COCTOAHNIA MOI'YyT HOJYINHATHCA IIPOIEeCCaM aBTOPErpeCcCrUr IEPBOTO IMOPAJIKa C IIOYTU
€IMHIIHBIMI XapPaKTEPUCTHIECKUMI KOPHSIMH; TOI/[a HOPMAJIbHOE aCHMIITOTHIECKOe ITPHOJINIKe-
HMEe TOXKe MaJIO IIPUIroHO.

5.2 JImarHocTMKa MOJeJu

Jl1st AMAarHOCTHKHU yA00HO HCI0JIL30BaTh HOPMHPOBAHHBLIE MHHOBAIIMM, IIOJIyYEHHBIE HA OCHOBE
dunpTpa Kanmvana. OHE BBIYHC/ISIIOTCS KaK

2t = L;l’l)t,

rjae Lt'KaKOfI—JII/I6O KBa,Z[paTHI)IfI KOpeHblO nus Ft. B CcJIy4dae FaYCCOBCKOfI MOJEJIN 3THU BEJIMYIM-
HbI HE3aBUCUMBI MEZKJTY CO60ﬁ, OZIMHaKOBO HOPMAaJIbHO PacCIIpE/IeJIEHbl, UMEIOT HYJIEBble MaTeMa-
TUYICCKHE O2KMIaHUA U €JUHUYIHbIC KOBapHUallUOHHbIC MaTPHUIIbI. Bce st cBoiicTBa MOXKHO IIpoBE-
PATH C IOMOHIIBIO COOTBETCTBYIOINX CTATUCTHUK. HaanMep, B CjIy4ae OJITHOMEPHOI'O Y CTAaTUCTUKA
Z?:l Zt/\/T umMeeT CTaHaapTHOE HOPpMaJIbHOE paclpeaesjeHne. SHauynMoe OTIUYne 3TOH CTaTUCTU-
K1 OT HYJId TO3BOJIAET I'OBOPUTH O HEAJAECKBATHOCTU MOJICJINA. Takum ke O6paBOM MOZ?KHO BBbIAB-
JIATH TOJICTBIE€ XBOCTDBI, aBTOKOPPEJIANNIO, TeTEPOCKEITACTUIHOCTD U JPYTUE HAPYIICHUA. CﬂeﬂyeT
OJHaKO IIOMHHUTb, YTO paclipeaes/IcHusI CTaTUCTHUK, BOO6IJ.[€ I'OBOp4, 3aBUCAT OT TOI'O (1)21,1(Ta7 9TO

IIapaMeTpbl MOJEJIN HEU3BECTHBI 1 BMECTO HUX MCIIOJIb30BaHBbI OILeHKI/I.11

IIpu ananuze HOPMUPOBAHHBIX UHHOBAIINI HE BCET/Ia MOXKHO OIPEJACIUTh UCTOUYHUK HAPYIIIEHUH.
Hanpuwmep, pacupejesienne ¢ TOJICTBIME XBOCTAMU MOYXKET [IPOUCTEKATH U3 TOJIIUHBI XBOCTOB KaK
omuboK €, Tak 1 omu6oK €. YacTuuHo 3Ty MpobIeMy MOMKHO PEIUTh, AHAJTUZUDPYS COOTBETCTRY-
IOIUe CIVIa?KCeHHbIE OCTATKU:

y y _ pya
e = Yo — By — B ayr,

a _ a aa
€| = M|T — Ry — Ry at—1|T-

Mo2kHO, B 9aCTHOCTH, C ITOMOIIILI0O HOPMUPOBAHHBIX OCTATKOB JTUATHOCTUPOBATDH HAJUYUNE BHIOPO-
COB U CTPYKTYPHBIX ¢ABUTOB. CJle/lyeT TOJIBKO IMOMHHUTD, YTO CIVIA2KEHHBIE OCTATKU MOTLYT OBITDH
3aMETHO aBTOKOPPEJINPOBAHHBIMMU.

Bosee nonpobuoe obcyxaenne muarnoctuku cM. B Harvey & Koopman (1992) u Durbin &
Koopman (2001). Cum. Takzke de Jong & Penzer (1998), Penzer (2006).

1075 ecth Takas Marpuia, 4ro Fy = LtLtT.

MK ak mpuMep MOXKHO TpuBecTH Q-CTATICTHKY IS ABTOKOPPEJISIIY B CIIydae, KOIaa mapaMeTpsl Mogean ARMA
onenuBaiorcsa. OHa paclpene/eHa aCHMIITOTHIECKN KAK XU-KBaAPaT, HO ¢ MEHBIIIMM YUCJIOM CTEIeHel CBOOOIbI, YeM
ecsii 6Bl UCIIOJIB30BAJIMCH U3BECTHBIE UCTUHHBIE MTAPAMETPHI.
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6 Henuneiinbie 1 HerayccoBCKrue MOJEJU MIPOCTPAHCTBA COCTOSTHUM

6.1 s yero Hy>KHbI HEJIMHEMHBIE M HErayCCOBCKHE MOJEJ ITPOCTPaHCTBA
cocrTogHmuit?

Obs1acTh TPpUMEHEHUST TAYCCOBCKUX JIMHEIHBIX MOJIeJIeil IPOCTPAHCTBA COCTOSTHUAN MITUPOKA, HO JIJIsT
MHOTHUX ITPUJIOXKEHUI TTPETITOJOXKEHNS TUHEHHOCTH U HOPMAJHHOCTH SIBJISIIOTCST CJTUIITKOM OTPaHMU-
YUTEJIbHBIMU.

B wactHOCTH, OMIUOKM B MOJIEJIM TPOCTPAHCTBA COCTOSTHUI MOI'YT UMETHh TOJICThIE XBOCTBI, KaK
y pacnpenenienusi CroiofenTta. CraHgapTHBIE aJlOPUTMBI, Takne Kak (uiabrp Kajamana moryr
OBbITH He pOOACTHBIMHU 110 OTHOIIEHHWIO K OTIEJbHBIM OOJBIINM BBIOpOCaM WM CKadkaM. Bojee
TOr'0, CYIIECTBYIOT MOJIEJIU ITPOCTPAHCTBA COCTOSHUI C I€PEMEHHBIMU, KOTOPbIe HE IOXO0XKHU Ha
HOpPMAaJIbHO paclipeeieHHbIe TI0 caMOi CBOe#l TpUpoJie, HAIPUMED, C OrPaAaHUYEHHBIMU, CIETHBIMU
I JTayKe Ka9eCTBEHHBIMU 3aBUCUMBIMU TI€PEMEHHBIMU.

Panee B KadecTBe JIMHEITHOW MOJI€JIM TPOCTPAHCTBA COCTOSTHUII MBI PACCMOTPEIN MOJENDL JIU-
HEWHOI perpeccun ¢ MeHsOmmMucs kodddurmenrtamu. Ho momobnoe auHaMmYIecKoe paciiupe-
HU€ MOXKHO IIPUMEHUTb U K JIIOOOH Npyroil cTarmdeckoit Mojean. Tak B JIUHAMUYIECKON Mojen
Hesbcona—Curesist MOYKHO MPEJIITOJIOKUTE, UYTO TAPAMETD T U JIUCIEPCHUSI OIMMUOKN HE SIBJISTFOTCS
ITIOCTOSTHHBIMHY, & 3TO Cpa3y JieJlaeT MOJIeJIb CYIIeCTBEHHO HeJImHelHo. /la u B TO# Ke JIMHEHOM
perpeccun MOXKHO ObLIO ObI IIPEIIOJIOKUTD, ITO HE TOJHKO KOI(MDPUITUEHTHI IIPU IIEPEMEHHBIX, HO
U JINCIIEPCUS OIMUOKM MEHSIETCSI BO BPEMEH.

OsHOI U3 MpoCTEAINNX HEeJTMHEHHBIX HETayCCOBCKUX MOJIEJIEl SIBJISIETCST MOJIENIb CTOXaCTHIECKOM
BoJsiaTusbHOCTH (CM. Hanp. 0630p lsimiakos (2010)). CroxacTuyeckasi BOJATUILHOCTD IPU3BAHA
VJIOBUTH MEHSIOINIYIOCS JUCIIEPCUIO U MOXKET OBITh MCIIOJb30BaHa KAaK CTaHJIAPTHAsT KOMIIOHEHTa
B CaMbIX Pa3HbIX JuHaMuYecKux Mojessx. Tak Stock & Watson (2007) ucrosnb3oBaium Mo/esb
JIOKAJTBHOT'O JTHHEHHOTO TPEH/ 1A, MOMOJTHEHHYIO CTOXACTUIECKOH BOJIATU/ILHOCTBIO B OIMMOKAX, IJIst
IPOTHO3MPOBAHUSA WHJIATINN.

[TpuBenem ere omu, 60j1€€ CIOXKHBIN, TPUMEP UCIIOIb30BAHNST HEJINHEWHON HErayCCOBCKOM MO-
nenu. B Creal, Koopman & Zivot (2010) paccmarpuBaercsi MeTO/| IOCTPOEHUST WHIUKATOPA KO-
HOMUYECKOTO IUKJIa C IIOMOIIBI0 MHOTOMEPHON MOJIE/IH ITPOCTPAHCTBA COCTOAHUN, OCHOBAHHON Ha,
pa3I0KeHNN Ha TPEH U IUKJ. B Moenn ¢ moMOIIbIo CTOXaCTUYIeCKOH BOJATHIBHOCTH YINTHIBA-
eTcsl M3MEHEHNe JIUCIIEPCUU BO BpeMenu. Pacripejiesienne cirydailHbIX BOZMYIIECHUN MOIEIUPYETCSI
C TIOMOIIBIO CMECH HOPMAaJIbHBIX pacupesenennii. Takoil moaxom obecmevdnBaeT pobacTHOCTD ITOJIY-
YaeMbIX OIEHOK ITUKJIa K M3MEHEHUIO JIUCIIEPCUH, BLIOPOCAM U CTPYKTYPHBIM CIBUTAM B TPEHJIE.

Hejinuelinbie n HerayccoBCKue MOJIEIN MIPOCTPAHCTBA COCTOSTHUI — 9TO OYEHb OOIUPHAsS TeMa,
IIpUYIEM JTaHHas 00JIaCTh NCCIeI0BaHNI OBICTPO PA3BUBAETCS U BCe OOBIMNI HAOOD PA3INIHBIX MO-
JieJieil CTAHOBUTCS JIOCTYITHBIM JIJIsl PSAIOBBIX MTPUKJIAJHBIX UccjIegoBanHuii. B ogHOoM 0030pe mpak-
THUYIECKU HEBO3MOXKHO JaTh 00 3TOM JOCTATOYHO IIOJTHOE U COAJIAHCUPOBAHHOE IpecTaB/ienrne. Mbr
3aTPOHEM TOJILKO HEKOTOPBIE ACTIEKTHI.

MeTombl 77151 HeJTMHEWHBIX HETayCCOBCKUX MOJIE/Iel MPOCTPAHCTBA COCTOSTHUN BK/IIOYAIOT TaKHe
3aJia9n Kak (QUIbTpaIus, CriaKnuBanue, IpOrHo3upoBaHue u orieHnBanue. C TOUYKU 3peHHsT SKOHO-
MHUYECKUX IPUJIOKEHUH (PUIbTPaIlnd B OCHOBHOM HY?KHA JJIsl [TOJIyIeHUs] TUArHOCTUIECKAX CTa-
THCTUK, 8 HAUOO/IBIIUI UHTEPEC MPEJICTAB/IAIOT OIEHUBAHIE U IIPOrHO3UPOBaHME. B TeXHUUIECKUX
IPUIIOKEHUSIX GOJIBINNIL yIIop Jenaercs Ha duibrpanuio (Momgudukanun duibrpa Kaivana, kop-
nycKyssipable GUIbTPhI). Bee ykazaHHbIe 3aaun B cirydae MoJiesieii OBIIero BiIa CTaJIKIBAIOTCs
C OTCYTCTBHUEM SIBHBIX QHAJUTHIECKUX (DOPMYJI U HEOOXOIUMOCTHIO YUCIEHHOI'O HHTETPUPOBAHUSI.
B zaBucumocTu oT 0b6stacT TPUIOXKEHNS UCIOIB3YIOTC KaK IPpyOble allllpOKCUMAIINN, He TpeOyIo-
Iye HHTerpupoBanus (HanpuMep, pacimpentbiil huibTp Kanivana), rak u 60j1ee TOUHbIE, B OCHO-
Be KOTOPBIX JIEXKUT WHTerpupoBanue MetosioM Monrte-Kapiio. Mbl HagneM onucanue pas/mIHbIX
MIOJIXOJIOB CO CJIYYaeB, KOTJIa OTKa3 OT JIMHEHHOCTU M HOPMAJILHOCTU PACIPEesICHUs He MPUBO-
JUT K HEOOXOMMOCTH ITOJIHOTO OTKAa3a OT CTAHApPTHBIX METOJOB, TaKnX Kak GpuiabTp Kamvana,
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1 3aKOHYMM MeTOoJaMU MOHTG—Kap.HO. HOC.HQ,ZLHI/II'?'I IIYHKT IIOCBAIIECH JUCKPETHBIM II€PEMEHHBIM
B IPOCTPAHCTBE COCTOAHUIA.

6.2 VYcJ0BHO JIMHEITHbIE MOJEJI

[Ipu BBIBOIE CooTHOMmenH uabTpa Kanimana Bee BLIKJIAIKH J1J1S MOMEHTa, t GbLIN CIeaHbl yCI0B-
HO OTHOCHUTEJIHLHO IPEIBICTOPUN Y<¢. 1109TOMY BCe MATPHUITLI KOIMP@PUIUEHTOB MOTYT 3aBUCETH HE
TOJIBKO OT BEKTOPa HEM3BECTHBIX MapaMeTpos 0, Ho 1 oT y<y: RY = RY(0,y<), R}" = RY*(0,y<4),
Q% = Q%(07y<t)7 R = R?(0>y<t)7 R = R?a(97y<t)7 f = Q?(07y<t)aAOT 9TOr'0 pacCCyKICHUI
He MOTepAIoT KOppeKTHocTH. 11pu 3ToM Mojieb GyIeT TOIbKO YCJIOBHO JIMHEeliHas B TOM CMBbICIIE,
yro ypasHennus (3)—(4) st MOMeHTa ¢ JIMHEHHBI IO ¥, Gy, ;1 ¥ OMIUOKaM, ecjin 3aUKCUPOBATh
3aBUCHUMOCTD OT Yy.

J1J1s1 rayCCOBCKOI yCJIOBHO JIMHEHHOM Mojen hyHKIHs IPaBIONoI061s 0 IPEXKHEMY BBIYHCIs-
ercs 110 popmysie (26), 4To MO3BOJIAET HPOBOAUTD OIEHKY Mozesnn. CriiakKuBaHue MOXKHO TaKzKe
OCYIIECTBIATE C IIOMOIIBIO KAJIMAHOBCKOTO CIIAYKIBATEIS.

OHO M3 TpUMEHEHUH yCIOBHO JIMHEHHBIX MOJEJIEH — 3TO aBTOPErPECCUr ¢ MEHAIONUMUCT KO-
s durmenTaMu:

Yt = /BOt + /Bltyt—l + -+ /Bptyt—p + €

MoKHO MOAXOAUTh K MOAOOHON aBTOPErPecCHr KaK K PErpecCHi ¢ MEHSIIOIMMMUCS Ko huImeH-
tamu (cM. naparpad 2.1), monomus zp = (1, Y11, .., Yt—p) -

MOoXKHO Yepe3 3aBHCHMOCTb OT 1j<; MOJIEJIMPOBATH U MEHSIIONIYIOCS BO BPEMEHHU IUCIEPCHUIO.
B Evans (1991) jyist Mojie/iupoBaHus JUHAMUKY TeMIta HHQJIAIMN UCIIOIb30BAHA, aBTOPErPeCCus
C MEHSOMMUMUCS KO3 DUuImenTaMu, B KOTOPOil JUCIIEPCHUsT OIMMNOKH €; OIMMCHIBAJIACH MOJIEIbIO TUIIA
GARCH. TocKosbKy OmUOKY €;—1 He ABJIAIOTCS HaOIOAeMbIMH, DBAHC 3aMEHIT €2 Ha KBaJPaT
ommGKN mpejicKazanus n3 GuabTpa Kanmana, T. e. v2. Konedano, Takoif mpueM MOMKET BBI3BATD
HApeKaHUsl ¢ cojiepzKaTesibHO cTopoHbl. B pabore Harvey, Ruiz & Sentana (1992) npejiozkeHnb
AIIIIPOKCUMAIINY, PU3BAHHBIE OMOYb COBMECTUTH MOJEJN MPOCTPAHCTBA COCTOSHUM C «IIOYTH

nacrosammmny mogeasmu GARCH.

6.3 JluHeiiHast MOeJ b C HETAYCCOBCKNMU OIIMOKaAMM

Te xke dopmynsr dunbrpa Kammana MoryT ObITh HCIIOJIB30BAHBI B CAydae HETrayCCOBCKOW JIU-
HEHHO{l MOJIEI B MPOCTPAHCTBE COCTOSIHUIT, KOT/la OMMUOKH €;, €f He 06A3aTeTbHO NMEIOT HOp-
MaJIbHOE pacupejesieHre. IToObl 3TO MMPOJEMOHCTPUPOBATh, HY?KHO TOJIBKO OIIEPATOpP YCJIOBHOI'O
MaTeMaTUYecKoro oxKujganus [E; 3aMeHUTbh Ha COOTBETCTBYIOIIHI ONEPATOD JIMHEHHON MPOEKINH
(TeopeTuveckoii JIMHEHHOI perpeccun), omepaTop YCJIOBHONW KOBAPUAIIMOHHON MaTpuilbl Vi — Ha
OTIEPATOP KOBAPHUAIMOHHON MATPHUITLI OMMMOKYM MPOEKINN, a OMEPATOP YCIOBHON KpOCC-KOBapHa-
nuonHoit Marpuiibl C; — Ha omepaTop KpPOoCc-KOBAPHAIMOHHON MATPHUIIBI OIMUOOK MPOEKIINU JIBYX
MTePEMEHHDIX.

B ciyuae merayccoBckoii Mojiesn (Ipu COOTBETCTBYIONIMX MPEJIIOIOKEHUSAX) MOXKHO, MaKCH-
MUBUPYs TayCCOBCKYIO (DYHKIIUIO MPABIONOIO0NS, TOIYIATh COCTOATENbHBIE U aCUMIITOTUIECKH
HOPMAJIbHBIE OIEHKU. DTU OINEHKHU HA3BIBAIOT OIEHKAMHU KBA3U MAKCUMAJILHOTO IIPABJIONOI00MS
(KMII). Bxuaj t-ro nHabsroenus B jorapudm KBas3u GyHKIMU TPaBIONoI00us 3a1aercs hopmy-
noit (26), tae Fy(0) u v4(0) Boramcisiores o dopmynam duasrpa Kanvama. Brias t-ro mabomo-
JIEHUSI B TAYCCOBCKMIT CKOP-BEKTOD MMEET BH]L

ooy 1 _,0F, 1+ ,0F r 10U
N i B e fad s
20, 2“( ¢ ag, ) TRttt gt T e

I'1e MTHJIEKC Q IIOKa3bIBa€T, 9YTO 3TO HE HaCTOAIad, a KBa3n J'IOI‘apI/ICbMI/I‘IeCKaH CbYHKHHH IpaBa0-
HO,ZLO6I/IH. HpI/I NCTUHHBIX SHAYCHUAX ITapaMeTPOB MaTeMaTHIeCKOe O2KNJIaHNEe BTOPOro cjaaraeMoro
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[IPaBoOil YaCTH PABHO MEPBOMY CJIaracMOMY CO 3HAKOM MHUHYC, & MaTeMaTUYeCKOe OKUJIaHUE Tpe-
THEro CJIAraEMOr0 PABHO HYJIIO, IOCKOJIBKY Ut U OYy|4—1 /00 uexoppesuposansbl. B 1emom

EVgle:(0) = 0.

Orcroma Buano, uro onenkn KMII 0, apagiomuecs permenneM ypaBHeHUs

T

1 .

T > Valai(ba) =0,
t=1

ABJISIIOTCA OIEHKaMu OOOOIIEHHOI0 METO/Ja MOMEHTOB. TakKuM 00pa3oM, OHHU SIBJISIIOTCSI COCTOSI-
TEJIbHBIMU U aCUMIITOTUYECKH HOPMAJILHBIMU IIPU BBITIOJIHEHUU PsiJia ITPEJITIOIOKEHMI.
ITpu cooTBeTCTBYIOMMX IPEIIONOKEHNSAX aCHMIITOTHIECKOE pacupejenenue g mveer BU

VT(0g —60) % N(0,A ' BA™Y),

rjae
R 1
A= lim —Ep[Valo(0)], B = lim —Vo[Velq(0)].

CocTosATeIbHOCTD U ACUMIITOTHIECKOE PACIIPEJIEJIEHNAE OIEHOK KBAa3U-MAKCUMAJIBLHOTO TPABIOIIO-
n06ust paccMoTpenbl, Hanpumep, B Watson (1989). O6mast reopust KMII-onenusareneit st u-
HAMIYeCKHX Mojeseit obcyxaaercs B White (1984). B Papanastassiou (2006) paccmarpuBaercst
MeTOJ pacdeTa OIeHKHU JIJIsl KOBapUAIMOHHOM MaTpuIlbl orieHok KMII.

XoTs OOBIYHBIE METOJIbI OCTAIOTCsSI ITPUMEHUMBIMU B CJIydae HErayCCOBCKHUX MOJIeJieil, mHTepec
[IPEJICTABJISIIOT U AJIbTEPHATUBHBIE METO/IBI, B SIBHOM BH/JIE€ Y IYUTHIBAIOIIIE HETAYCCOBCKYIO IIPUPOILY
Mozean. B 9acTHOCTH, ec/ii NPUHSTH BO BHUMAHME, UTO OIMIMOKU MMEIOT TOJICThIE XBOCTBI, TO
MOXKHO TIOBBICUTh YCTOWIMBOCTE MOJIEJIEil TPOCTPAHCTBA COCTOSTHII K BBIOpOcaM U ckadkam. Jljis
MoJIesIell, BKIIIOYAIOIINX JUCKPETHBIE TIepeMeHHbIe, JUHEHHOe rayCCOBCKOe MOJIETNPOBAHNE MOXKET
OBITH OYEHb CUJIBHO HEaJeKBATHBIM WU BOOOIIE HEIIPUMEHUMBIM.

6.4 IlpubnukeHus NJisl HEJIMHEWHBIX U HErayCCOBCKUX MoJieJeil
6.4.1 Pacmupennblit duastp Kanmana

Pacmmpenneiit dunsrp Kanvana (extended Kalman filter, EKF, cm. manp. Anderson & Moore
(1979), Ch. 8, O’Konnesur (1990)) npumMeHsiercst K HeJIMHEHON MOJIE/IN IPOCTPAHCTBA COCTOSTHMI
CJIEJTYIOIIErO BHIA:

_ y
Yy = hu(ar) + €/, (27)
— a
ar = gi(ag—1) + €f- (28)
Ommbkn e%’, €] He3aBUCHMBI KaK MeKJy coDoil, TaK ¥ [0 BpeMEHH, UMEIOT HyJIeBble MaTeMaTHe-
CKUe OXKUJIAHUS U KOBAPUAITMOHHBIE MaTPUIIHI Qi’, Qf. Nnesa pacmupennoro duisrpa Kanvana
COCTOWT B JINHEAPU3AITNN HeJTUHEHHBIX (DYHKIWH hy 1 g¢ B TOUKE, COOTBETCTBYIOIIEH TEKYIIei OIleH-

Ke BEKTOpa COCTOSIHUS: gt JIMHEAPU3YETCsl B TOUKE G;_1|4_1, & Ny JIMHEAPU3YETCS B TOUKE Qy|¢ 1.
Ilosyaaem ciemyrornme MpuOINZKEHNS:

Yyt = hi(agi—1) + Vhe(age—1)(ar — age—1) + €/, (29)
at = ge(ar—1)e—1) + Vgr(a_1p—1)(ar—1 — ay_1—1) + € (30)

Bneck Vhy, Vg — marpuisl SKoOU /11 HEJIMHERHBIX BEKTOP-PYHKINA hy U gy
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@opmysiet agropurMma GpuabTpa Kanmvmana mpu 9TOM O0CTAIOTCs MPAKTHIECKN HEU3MEHHBIMU, TIPO-
CTO IIPH pacyderax UCHOJIB3YIOTCS CJAEIYIONe MATPUIIBI KO3 MUITUEHTOB:

Rf = ht(aﬂt—l) - Vht(at|t—1)at|t—1a R:?la = Vht(at\t—l)a

R} = gt(at—l\t—l) - v!]t(at—l\t—l)at—l\t—h Ry = Vgt(at—ut—l)-

K coxanenuro, mist pacmupernoro GpuiabTpa KajaMmana mpyr HEIUMHEHHOCTH MOIEJIH B OOIIeM
cJIydae He BBIIIOJTHEHBI BCE T€ «XOPOIIIIey CBOMCTBA, KOTOPhIE XapaKTEePHBI JIjisI OOBITHOrO (PUIILTPA
Kanvana. B wactHocTr, MakcuMu3anus «pyHKIUN TPABIOIIOI00Us», PACCINTAHHON 110 OOBIIHBIM
dopMysiaM, He IPUBOJIUT K COCTOSITEJIHHBIM OIEHKAM.

JList TeXHUYEeCKUX MPUIOYKEHU ObIBaeT HyKHa OHJIaHOBast (pUIbTpalins, NP KOTOPOU HEBO3-
MO2KHO OIEHUBATH [apaMETPhI [IPU MOsIBJIEHUH KaXKI0r0 HOBOTO HabJio/ieHns. B KadecTBe ayibrep-
HATUBBI MOYKHO JIONOJTHUTH BEKTOD COCTOSIHUSI (¢ BEKTOPOM (Kak Obl) MEHSIOIIUXCSI BO BPEMEHU
mapamMeTrpoB #; m mpumenaTh pacmmpeHHbiit duibTp Kanmmana K 3ToMy 0DOOIIEHHOMY BEKTO-
py cocrosinusi. DTO Tak HasbiBaeMblil ciBoeHublil (dual) pacummpennsiii duabrp Kamvana (Wan
& Nelson (2001)), sBIsONMIICS YaCTHBIM CJIy9YaeM PeKyPPEHTHBIX MeTO/0B oneHuBanust (JIbooHD
(1991), rur. 11). Takyro nporeaypy MOKHO IPUMEHSIT U B CJIy4ae JMHEHHON MOJIe/ I TPOCTPAHCTBA
coctosinuii. [Ipu 3TOM MOE/Ib CTAHET HEJIMHEHHOM, TOCKOJIbKY OHA MPAKTUYIECKU BCETIa HeJTHHEH-
Ha 1o napamerpam 0. Koredno, npu TakoM 0JIX0/1e Ipob/ieMa OIeHHBAHNUS TIEPEXOIUT Ha JIPYTOil
yPOBeHb: Tpebyercsi BbIOpaTh ((bUKCHPOBAHHBIE) HapaMeTpPbl Jisi MOJEJN U3MEHEeHUs I1apaMeT-
poB 6,.

6.4.2 HeauneitHas duabTpaiug 6e3 IIPON3BOHBIX

[osryuuBImii B MOC/IeIHIe TOABI pacipocTpanenne mermaxyqnmii'? dbumsrp Kamvana (unscented

Kalman filter, UKF, cum. Julier & Uhlmann (1997), Wan & van der Merwe (2001)) npussan
3aMeHHUTDb paciupensblit huabTp Kanmvana. Iy ero paboTsl He TpebyeTcs: B3ATHE TPOU3BOIHBIX,
u jaxke He Tpebyercsi, 9To0bl MyHKIME hy u gy ObLin guddepermupyeMbivu. OH He CJIOXKHEe
pacmupentoro duwibrpa Kajgmana u Ipu 9TOM OIBIT TOKA3BIBAET, YTO OH IMPOBOAUT (PUIILTPAIIUAIO
boJiee KaueCTBEHHO.

B ocnose nenaxydero dbuabrpa Kanvana jexkur Henaxydee npeobpasosanue (unscented trans-
form). Ilycrs ectb Henmummeiinoe mpeobpaszoBanue y = f(z), tae x € R™. Ilpennonaraercs, aTo
T fBJISIETCs CIIyYailHOM BEJIMYMHON CO CPEJIHUM [, W KOBapUAIIMOHHON Marpuiei X,. Tpebyercs
AIIPOKCUMHUPOBATH CPEJHEE [i, U KOBAPUAIMOHHYIO MATPHILy Y, BEJMIUHBI Y. B okpecTHOCTH L1
Gepercs Habop u3 2n + 1 ompenesennbix curma-rouek () ¢ COOTBETCTBYIOIIAMU BECAMU W,
TaK 4TOObI OHU OTPAXKAJU HAPAMETPHI (i, U Y. CHIMa-TOYKH MPOIYCKAIOTCS Uepe3 HeJnHeHoe
peobpa3oBaHme U IMOJIyJaeTcss HOBBI HAOOp TOUYeEK f (x(i)), 10 KOTOPBIM BBITHUCJISTFOTCST COOTBET-
CTBYIOIIUE fi, U Xy

[Toxoxkuit MeTOJT COCTOUT B ATPOKCUMAIINN HEJTUHEHHONW (PYHKIIUU C TOMOIIBI0 KOHEUHBIX Pa3-
Hocreii. 1o dunbrp Kanvana Ha ocHOBe 1eHTpasibHbIX pasHocreil (central difference Kalman
filter, Norgaard, Poulsen & Ravn (1998)). B nesiom janHoe cemeiicTBo MeTo10B husibrparyu 6e3
B3SITHSI TIPOU3BOJIHBIX HA3BIBAETCSI KAJIMAHOBCKOW (PUJIBTpaIlell Ha OCHOBE CHUI'Ma-TOYeK.

6.4.3 Moaenu 0000IIEHHOTO AaBTOPETPECCUOHHOIO CKOP-IIPOoIiecca

CHOXKHOCTH, BOBHUKAIOITHE PN paboTe ¢ HETMHEHHBIMI MOJEISIMI TTPOCTPAHCTBA COCTOSTHUN 3a-
CTaBJISIIOT MCKaTh Oosiee «JemieBbie» ajbrepHatusbl. B pabore Creal, Koopman & Lucas (2010)
IIPEJIJIOYKEH ODIIMH TOIXO0/, TTO3BOJISIIONINI MOJEIN C MEHSAIOIIIMUCS BO BPEeMEHU HEHADJII01aeMbl-
MU (paKTOpaMu IIPEBPAIATh B MOJEIH 0COOOTO BHUIA, C KOTOPBIME paboTaTh ropasio MpoIre. DTo

12Ha,3B8,HI/Ie HE HeceT CMBICJIOBOM Har'py3Ku U 1IIpOCTO BbI6paHO KaK 3allOMHHAaIOIIeeCHd.
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HE MOJEIU IIPOCTPAHCTBA COCTOSHUI, HO OJIM3KHE K HUM II0 CMBICIY MOJEIU. ABTOPLI HA3BAJIN
UX MOJIETIAMEI 0OOBIIEHHOIO ABTOPErPECCHOHHOIO CKop-Tiporiecca (generalized autoregressive score,
GAS). B sror kiacc Bxogur mupoko ussectHast mojesib GARCH u apyrue mogmenu, Berpevaro-
IIIECS B JINTEpaType, B YACTHOCTH, MOIE/Ib aBTOPEIPECCHOHHOI YCIOBHOI mnrenbHocT Engle &

Russell (1998).

6.4.4 Ilpubmumkenme Jlammaca

B obmiem ciaydae Jijisi HEJIMHEHHBIX U HEIayCCOBCKUX MOJIeJieli HeT SIBHBIX (DOPMYJI JIJIsl BHIUUCIIE-
Hust yHkiun npasiononodusi. CpaBHUTEILHO HECJOXKHBIA METOJ, MPUOINKEHHOI'O YUCJIEHHOTO
UHTErPUPOBAHMUsI, KOTOPBIH IPUMEHUM JIJIsT JIOCTATOYHO MIMPOKOTO KJIacca MoJIesieli — 310 mpub/in-
xkenne Jlamraca (Laplace’s approzimation, cm. namnp. Davis & Rodriguez-Yam (2005), Shimada &
Tsukuda (2005)). B ocHOBe JiexkKUT pa3/iokKeHne J0 WIEHOB BTOPOIO MOPSIKA JOrapudMUIecKOn
dbyukImu npasgononobust nosHbIX JaHHbIX In(f(y,a)) B Touke a(y), KoTOpas OIpeJeIIseTcst Kak
aprmakcumyM f(y,a) mo a. (Touka a = a(y) siBasieTcst TakyKe MOJION YCJIOBHOIO PACHpPEIe/ICHUsT
f(aly)). ycre In(g(y, a)) — rakoe kBagparnanoe npubsmxkenue. Torma g(y,a) MOXKHO IIPOMHTE-
IPUPOBATH AHAJTMUTHYECKHU 110 G U MOJYIUTH MPUOIMKEHHYIO (DYHKIMIO TPaBIONOI00Ms

fray) = g(y,a)/g(a).

3/1ech I0THOCTD ¢(@) COOTBETCTBYET MHOIOMEPHOMY HOPMAJIbHOMY PACHPEIEJICHUIO U Oy 9aeTCst
[IPUPAaBHUBAHUEM [EPBBIX U BTOPBIX IPOM3BOAHBIX In(g(a)) B Touke G K npoussoaubiM In(f(y, a))
1o a. Munnvmusanus fr4(y) no napamerpam € jgaer oleHKH apaMeTpoB, KOTOPbIE, BIIPOYEM, He
SIBJISTIOTCST B OOIIEM CJIy4ae COCTOATENbHBIMU. XOpOollee IMPUOIUKEHNE MOy IaeTCs, KOria MapIri-
HAJIBHOE PACIIPENIEIEHNE PJia @ ABJISETC MHOTOMEPHBIM HOPMAJILHBIM, HAIIPUMED, UMEeT JINHE-
HYIO0 MapKOBCKYI0 cTpyKTypy (6). MHOrOMEpHOE HOpMAaIBLHOE pacipe/ie/ieHue, COOTBETCTBYIOIIEe
g(a), MOXKHO HMCIIOJIB30BATD JIsl Tiesiefi (MpubIMKeHHBIX) (DUILTPAIUH, CIVIAYKUBAHUSI U IIPOIHO-
3MpPOBAHUSI.

6.5 Metoast MonTe-Kapio
6.5.1 IlocaemoBareiabublie MeToabl MoHTe-KapJio

[Mocnenosarenbubie Merogsl Moure-Kapio (sequential Monte Carlo, cm. Doucet, de Freitas &
Gordon (2001), Creal (2009)) —3T0 cemeiicTBO METOIOB, KOTOPOE HCHOJIB3YETCs JIIst (DHIBTPa-
MM B HEJIMHEHHBIX HErayCCOBCKUX MOJE/ISX MPOCTPAHCTBA COCTOsHUI obimero Buma. OcobeHHO
BOJIBIIOf TIOIYJISIPHOCTBIO HOJIb3YeTCsl TEPDMUH «KOPILYCKYJIsipHble buibrpel» (particle filters, cu.
Gordon, Salmond & Smith (1993), Doucet & Johansen (2009)). VciioBHBIE pacupe/iesieHus Ipu
duIbTpaIy anMmpoOKCUMUPYIOTCS B3BEIIEHHON BLIOOPKOI, 3JIEMEHTBI KOTOPO# HA3BIBAIOT KOPILYC-
Kysiamu. V3 KOPIIyCKyJl Jijii MOMEHTa BPeMeHU { NeHEPUPYIOT KOPIIYCKYJIbl Jijisi MOMeHTa t + 1
U [IEPECYUTHIBAIOT BeCa. XapaKTEPUCTUKU PACIPEIEICHU At |Y<¢ [T KAXKIOTO ¢ MOXKHO OIIEHUTD
C TIOMOIIBIO COOTBETCTBYIOIIINX BHIOOPOYHBIX MOMEHTOB.

6.5.2 Metoabpl MonTte-KapJsio Ha ocHOBe nmpubJmm>kenus Jlamnsaca

Kiaccuueckue u Gaiiecosekue mMetonst Monre-Kapiio na ocnose npubimxkenust Jlarmiaca mpejio-
skenbl B Shephard & Pitt (1997), Durbin & Koopman (1997), Durbin & Koopman (2000). Cwm. Tax-
ke Durbin & Koopman (2001), Jungbacker & Koopman (2007). B oruriue ot mocsie10BaTeIbHBIX
metos08 Monre-Kapsio B JaHHOM MOJIXO0JIe BCE 3HAYEHUS TIEPEMEHHOI cocrostiust a = (aq, ..., ar)
IeHEepPUPYIOTCS COBMECTHO, 10 pacupejesenuio g(a), coorsercrByoneMy npubimkennio Jlara-
ca jyisi ycaosHOTO pacupesenenus f(aly). CrenepupoBaHHbie BHIGOPKU MOYKHO HCIIOJIb30BATH KAk
OCHOBY JIJIsSI METOJIA BBIOOPKH 110 3HAYMMOCTH WJIM JJIsi MeTo/ia MapKoBckux terneii Monre-Kapuo.
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6.6 BxJrroueHne OUCKPETHBIX MEPEMEHHBIX B IIPOCTPAHCTBO COCTOSTHU

B CcKpBITBIX MApKOBCKUX MOJIEJISX [EPEMEHHAsi COCTOSHUS @y NPUHUMAET KOHEYHOE UUCIO 3Ha-
wenmit {1,...,5;}. DT0 MapKOBCKas Ilelb, 3ajaBaeMast MaTpuieil nmepexomga Il = {m;}. Bnecs
Tyij = Pr(a; = jlai—1 = i) —BeposiTHOCTH Hlepexojia U3 COCTOstHUs @ B cocrostaue j. Ilomo6Hbre
MOJIEJIN JABHO M3YyYalOTCsl B MHXKEHEDPHON JiuTepaTrype, OCOOEHHO B JIMTEPATYpEe II0 PaclO3HaBa-
uuto peun. Cm. mamnp. Rabiner (1989), a rakxke Cappé, Moulines & Rydén (2007), Bhar & Hamori
(2004).

Cy11ecTByIOT U MOJIEJIN, B KOTOPBIX 9aCTh KOMIIOHEHT IIEPEMEHHOM COCTOSHUS JTUCKPETHA, & YaCTh
HernpepbiBHa. Hanbosee ynobHo paboTaTh ¢ MOMEISAMHU, KOTOPBIE YCIOBHO OTHOCUTEIHLHO JIUCKPET-
HBIX IIEPEMEHHBIX SBJISIOTCS JIMHEHHBIMY ['ayCCOBCKUMU. YCJIOKHEHUEM SIBJISIOTCH MOJIETHN, B KOTO-
PBIX yDaBHEHUS JJIs Yy U HEMPEPBIBHON UACTH COCTOSIHUS (4 SIBJISTFOTCS JIMHEHHBIMY T'ayCCOBCKUMM
YCJIOBHO OTHOCUTEIBHO JUCKPETHBIX ITEPEMEHHBIX W HAO/IIOIAEMON TPEIBICTOPUHI U< t.

C 1OMOIIBIO JUCKPETHBIX IEPEMEHHBIX MOXKHO MOJIEJIUPOBATDH MEPEKIIOUECHUS MEXKIY HECKOJIb-
KHUMU COCTOSIHUSIMHE («PEKMMaMU» ), ACHMMETPHYHbBIE PACIPEJIEIEHUs] U PACIIPE/IeIEHHs] C TOJICThI-
MU XBOCTaMHU B BUJIE CMECH T'ayCCOBCKUX PacCIpejieieHui u T. 1. BK/roueHne MUCKPEeTHBIX IEPEMEH-
HBIX B IPOCTPAHCTBO COCTOSHUN B 9KOHOMETPHUIECKON JINTEpaType MOJIYYUIO PACIPOCTPAHEHUE
6iaronapst crarbe Hamilton (1989), rye BBeeHBI MOJEIN ¢ MAPKOBCKUM MEPEKJIIOYCHIEM PEXKU-
ma (Markov switching models). B Kim & Nelson (1999) paccMoTpeHbl pa3indHbie BUBI MOJIE el
¢ TIEPEKJTIIOIEHIEM PEKUMa B KOHTEKCTe Mojeseil mpocTpancTBa coctostamit. Cum. Takxke Bhar &
Hamori (2004).
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ITpunoxkenne A. BbIBO/ KaJIMaHOBCKOTO CIJIaXKUBATEJIS

st BeIBOsIA (DOPMYJT KAJIMAHOBCKOI'O CIVIAYKHBATEJIs] PACCMOTPUM COBMECTHOE DACIIPEJIeIEHNE g
U Q¢41, YCJIOBHOE OTHOCUTEJIBHO Y<¢:

at Qgt Py Ct ))
~ N ) )
(at+1> !ygt ((at+1|t> (er Pt+1|t

Cy = Cy(ag, ar1) = Celar, R{$yar) + Colar, ef 1) = Pop(R{Sy)"

rie



24 KBAHTUIB, N9, utoyb 2011 T.

Ilo cBolicTBaM MHOIOMEPHOTO HOPMAJIBHOT'O PACIIPE/IEJIEHUS

E(aars1,y<t) = age + Je(ase1 — agpa)e)

nu
V(at|azs1,y<t) = Py — JiCy = Py — JePia iy
e
Ji = CtPtjrl”t = F)t|t(R?—?-1)TPt111|t'
Biesiem o603HaueHIE 24 JIS JJIs OTPE3Ka psaia { 2¢ b, HAUMHAIOIIErOCst ¢ MOMEHTA t: (2441, . ., 27).

Bamernm, 40 €2, 1, €2, HESABUCHMBI OT Gy, Gy41, Y<t, M UTO Qyi1, Y<i, €%, 1, €%, BSAUMHO OJ[HO-
3HAMHO CBSA3AHBI C A, Y<7. OTCiona caemyer's, aro

E(at| a1, y<t) = Elat] att1, y<t, €241, €2y) = Elae|ass, y<r),
1 IIO3TOMY
E[E(at|ar+1, y<i) ly<r] = E[E(at|ase, y<r) ly<r] = E(at|y<r) = ay7-
Takum obpaszom,
ayr = Elay, + Ji(ari1 — agpa ) ly<r] = agpe + Je(agrr — aga)e)-
B])I"H/ICJII/HVI Tellepb KOBapHuallMOHHYIO MaTPHUILY. BOCHOHbSyeMCH TEeM, 9TO

V(at|aty1, y<t) = V(ar|ast, y<r).

OrTciofia ¢ UCHOb30BaHIeM (DOPMYJIBI ONHOI juciepenn ™ oy

Pyr =Vr(ar) = V(at|y<r) = Er[V(ar|ast, y<r)] + Vr[E(ar|ast, y<r)]
= Er[V(at|arr1, y<t)] + Vo [E(at| a1, y<i)]
= Er[Py) — JtPt+1|tJtT] + Vrlag + Ji(are1 — agpe)]
= Py — JePriapd; + JiVrlaga)J] = Py — JiPo ] + JePord]

njimn

Pyr = Py + Ji(Prsyjr — Prsrje)J; -

An introduction to state space modeling

Alexander Tsyplakov

Nowosibirsk State University, Novosibirsk, Russia

Many time series models, primarily various models with unobservable components, can
be represented in a so called state space form. A state space model is a powerful tool
that allows one to apply to the original model a wide range of standard procedures
including estimation and forecasting. This essay provides a survey of this universal
class of models and related procedures.

13Ecan Bemmunna r mesaBucuMa ot p u ¢, o E(plg,r) = E(p|q).
13 1ech uenompayercs ycioBubli Bapuant aroit dopmynst: V(p|q) = E[V(p|q, ) |q] + V[E(p|g,)|q].



